"TOPOLOGICAL INVA
OF LINE ARRANGEM

B. GUERVILLE-B.

TOPOLOGICAL INVARIANTS OF LINE .
ntroduction
ARRANGEMENTS The inclusion ma

- Incidence grap
Wiring diagram
_ The boundafil
- manifold

B. GUERVILLE-BALLE Preamed ¢ 8

Bcicc
- Description of

Université de Pau et des Pays de I’Adour ln;]uslon el

Universidad de Zaragoza ;'uniieas;netnatt;i);r%

Topological invar
_ The topologica
invariant
ao ¢ Matey, - Computability
o 3 the invariant

%
-

- Zariski pairs
- Characteristie
varieties

January 16, 2014

Conclusion

SotopeandN

A~ UNIVERSITE
DE PAU ET DES

%o,

7y o
"(-,.YA e
Sidad de

Advisors : E. ARTAL BARTOLO, V. FLORENS, J. VALLES.

1/ 32



Arrangements & topology

A complez line arrangement A is a set of lines {Lo,- -, L,} of
CP2.

Ceva’s arrangement (1678)

The topological type of an arrangement A is the homeomorphism
type of the pair (CP?,|J L;).
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Combinatorics

The combinatorics of an arrangement A is a triplet (A, Q, €)
composed of :

o the set of lines : A,

o the set of intersection points : Q,

e the incidence relations between them : €.

The combinatorics of Ceva’s arrangement is :

[[1,2,3],[1,4],[1,5,6],[2,4, 6], [2,5], 3,4, 5], [3, 6] ]

Ly

L3

Lo

L1
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‘ What is the influence of the combinatorics on the topology ?
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"TOPOLOGICAL INVARIANTS
OF LINE ARRANGEMENTS

Motivations
B. GUERVILLE-BALLE

Introduction

What is the influence of the combinatorics on the topology ?

Topological invariants :
o Complement : B4 = CP?\ A.
o Fundamental group : m1(F.4).

o Invariant of the fundamental group :

> character £ € Hom(7w1(E4); C*)
> Alexander’s module

> characteristic varieties
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Motivations

What is the influence of the combinatorics on the topology ?

e (1980) P. Orlik and L. Solomon : "Combinatorics and topology
of complements of hyperplanes”, (Inventiones Mathematicae)

e (2001) E. Hironaka : "Boundary manifold of line arrange-
ments", (Mathematische Annalen)

e (2001) A. Libgober : "Characteristic varieties of algebraic
curves", (NATO Science Series II : Mathematics, Physics and
Chemistry)

e (2013) E. Artal : "Topology of arrangement and position of
singularities", (Annales de la faculté des sciences de Toulouse)

e (2013) A. Dimca, D. Ibadula and D. Anca : "Pencil type line
arrangements of low degree : classification and monodromy"
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Motivations

What is the influence of the combinatorics on the topology ?

e (1998) G. Rybnikov : "On the fundamental group of the com-
plement of a complex hyperplane arrangement",

e (2005) E. Artal, J. Carmona, J.I. Cogolludo and M. Marco :
"Topology and combinatorics of real line arrangements", (Com-
positio Mathematica)
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‘ What is the influence of the combinatorics on the topology ?

Introduction

The inclusion map

- Incidence graph &8
Wiring diagram.

e (1998) G. Rybnikov : "On the fundamental group of the com-

_ The boundary.
plement of a complex hyperplane arrangement",

manifold
- Framed & geomet
cycles

- Description of the
inclusion map

e (2005) E. Artal, J. Carmona, J.I. Cogolludo and M. Marco : - Presentation of tif
"Topology and combinatorics of real line arrangements", (Com-
positio Mathematica)

fundamental group

Topological invariaf
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- Zariski pairs

- Characteristie
varieties

) ) i1 1 1 Conclusio
A Zariski pair is a pair of arrangements 4; and A with : R <ion

- the same combinatorics,

- different topological type.
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Results obtained

[ Two explicit descriptions of the inclusion map . ]

L Generalization of E. Hironaka’s results on i. : B4 — F 4.

Generalization of R. Randell’s Theorem on presentation of
7T1(E_A).
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Introduction

[ Two explicit descriptions of the inclusion map 7. ]

L, Generalization of E. Hironaka’s results on i, : B4 — E 4.

L, Generalization of R. Randell’s Theorem on presentation of
TI'1(EA).

[ New topological invariant of arrangements ]

Ly New examples of Zariski pairs.

L, Algorithm to compute the quasi-projective depth of a character.

5/ 32
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Strategy & plane

[ What is the influence of the combinatorics on the topology ? ]

[ The boundary manifold ]
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Part 1

The Inclusion Map

Incidence graph & Wiring diagram

The boundary manifold

Framed & Geometric cycles

Description of the inclusion map

Presentation of the fundamental group
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Incidence graph

The incidence graph I' 4 of an arrangement A is a non-oriented
bipartite graph where the set of vertices decomposes as
Vp(A) U VL(A), with :

VP(A)I{UP | PEQ}, andVL(A):{vL | LGA}.

The incidence graph of Ceva’s arrangement is :

L1 Lz L3 L4 L5 i L6
P1 P2 P3 P4 P5 P6 P7

[11,2,3],[1,4],[1,5,6],[2,4, 6], [2,5], 3,4, 5], [3, 6] ]
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Wiring diagram

Let 7 : C*> — C be a generic projection, and let v € C? be a path
containing the w(Q N A*T).

The braided wiring diagram W4 of an arrangement A is :

Wa=7"1(y)n A"

P>
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Wiring diagram & Incidence graph

The graph I' jar is a deformation retract of W4.

The wiring diagram W4 provides
a basis of cycles of T' 4 :
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Wiring diagram & Incidence graph

The graph I' jar is a deformation retract of W4.

e1,2

The wiring diagram W4 provides
a basis of cycles of T' 4 :

&= {51,27
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Wiring diagram & Incidence graph

The graph I' jar is a deformation retract of W4.

€1,4

The wiring diagram W4 provides
a basis of cycles of T' 4 :

& ={&1,2,614,
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Wiring diagram & Incidence graph

The graph I' jar is a deformation retract of W4.

1,3

The wiring diagram W4 provides
a basis of cycles of T' 4 :

& ={&,2,61,4,813,
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Wiring diagram & Incidence graph

The graph I' jar is a deformation retract of W4.

€3,4

The wiring diagram W4 provides
a basis of cycles of T' 4 :

& ={&,2,61,4,81,3,€3,4,
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Wiring diagram & Incidence graph

The graph I' jar is a deformation retract of W4.

The wiring diagram W4 provides
a basis of cycles of T' 4 :

& ={612,614,613,834,823}.
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Boundary manifold

The boundary manifold B4 of an arrangement .4 is the boundary
of a regular neighborhood of .A. We have the inclusion :

i:Bg— E4.

The boundary manifold B4 is a graph manifold —in the sense of
F. Waldhausen— over the incidence graph I' 4.
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Presentation of 71 (B.4)

Let «; be the meridian associated to L;, and let {e, .} a set of lifts
of the &, € ' 4 in B4.

For each singular point P = P, ... ;,, with multiplicity m and

i1 = min(i1, -+ ,im), let

Rp = [af:nm,--- ,ajzi?,ail], where ci; = ¢iyi; for allj=2,--- ,m
The fundamental group of the boundary manifold Ba admits the
following presentation :

WI(BA) = <a07a17... ’an’esl’fq’...

)€1ty | U RP>'

PeP
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Framed & Geometric cycles

1. Generating systems of the boundary manifold B4

The fundamental group of the B4 is generated by :

o the meridians «; around L;,

o the cycles € ¢, indexed by &, coming from I' 4.

Where e+ (the framed cycle) is in the regular neighborhood of
LoU Ls U Ly.

The fundamental group of the B4 is generated by :

o the meridians «; around L;,

o the cycles &1, indexed by &, coming from T 4.

Where &+ (the geometric cycle) is a projection of es; in Ba.
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Framed & Geometric cycles

1. Generating systems of the boundary manifold B4

2. Difference between framed and geometric cycles
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2. Difference between framed and geometric cycles

Framed cycle

Geometric cycle
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The unknotting map

Let 6 be the unknotting map defined by :

Ba — Bug
(671 — (671

Es,t — gs,t

)
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Construction of .

For each e, + we define ps; by :

Hs,t = H a§(§)7

GESe, ,

where Ses’t is the set of the arcs overcrossing es,; in W4, a is the
meridian of the arc ¢, and e(s) the orientation of the crossing.

N
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Descriptions of i,

Fori=0,...,n, let a; be the meridians of the lines and let {5}
(resp. {€:,+}) be a set of cycles indexed by a generating system &
of cycles of the incidence graph I' 4.

The map induced by the inclusion on the fundamental groups can
be described by :

T (B_A) —r 1 (E_A)
Ty © a; — oy FRAMED CYCLES
=il =i
Es,t — (dls,t) “ st ( ;,t)

m(Ba) — m(Ea)
Ty - Q; — GEOMETRIC CYCLES

SS,t — ,ufs,t

V. Florens, B. Guerville-Ballé and M. Marco-Buzunariz, On
complex line arrangements and their boundary manifolds
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Generalization of Randell’s Theorem
For i = 1,...,n, let o; be the meridians of the lines L;. For any
singular point P = L;; N L;, N---N L;,, with iy = v(P), let

o Hiq i Hiq,ig
RP_[a‘ T oy )ai1]-

m 2

The fundamental group of Ea admits the following presentation :

m(Ba) = (o1, an | |J Rb).
PeP
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For i = 1,...,n, let o; be the meridians of the lines L;. For any
singular point P = L;; N L;, N---N L;,, with iy = v(P), let

/o Hiq i Hiq,ig
Rp =[a; V"™, , Q]

Tm ) ? g

The fundamental group of Ea admits the following presentation :

m(Ba) = (o1, an | |J Rb).
PeP

Let A be a complexified real arrangement. The fundamental
group of E 4 admits the following presentation :

von | U o,

P,eP

m(Ea) = (a1,

aaizvai1]>7

where P; = L;; N---NL

im
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Part II

‘ Topological Invariant

— The topological invariant

— Computability of the invariant

— Zariski pairs

— Characteristic varieties
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Inner-cyclic characters

Let A C @2 be the blow-up of A C CIP2, and let £ be a character
on the complement of A :

§:m(Ea) — C.

A component L € A is inner-unramified for the character £ if :
o ¢ takes value 1 for its meridian,
oforall L' € A, (L' NL #0) = &(ay) = 1.
The set of the inner-unramified components of A is Ue. Let f‘ug
be the restriction of I' 4 to Ue.

A character £ is inner-cyclic if it is torsion and by (f‘ug) > 0.
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Main result : topological invariant

A nearby cycle 5, for character ¢, is a lift of a cycle v € fué
contained in a regular neighborhood of |J L.
LeU;

o & an inner-cyclic character,

@ 7 a nearby cycle associated with &,

The 1mage of ¥ by & is a topological invariant of the ordered and
—9 .
oriented pair (CP, A).

E. Artal Bartolo, V. Florens and B. Guerville-Ballé, A
topological invariant of line arrangement
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Computability of the invariant
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Ordered and oriented NC-Zariski pair [

Let C4 be the following combinatorics :

Cs=1[[1,2,3,7,[1,4,8],[1,5,9], [1,6],[2,4], [2, 5, 8],
2,6,9],(3,4,9],[3,5],[3,6,8],[4,5,6,7],[7,8],[7,9],[8,9] ],
with the inner-cyclic character :
€ E (061, U ,Olg) = (Ca gv Cv CzaC27€2) 1,1, 1)7

where ( is a primitive 3"d-root of unity.

The combinatorics Cy4 admits two realizations AT and A~
defined by :

xyz(ac—z)(y—z)(aw—y—l—z)(ozx—l—aZy—l—z)(x+oz2)( x—a2y—z) =0,

with o = Z1E0/8,
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Ordered and oriented NC-Zariski pair 11

The images of the nearby cycles are :

§(9+) = €&(—as —as + ag) = ¢, E(3-) = &(—as — ag) = ¢*.
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£(7+) = &(—as —as +as) = ¢, §(-) = &(—as —ag) = .| ST

The pair (AY, A7) is an ordered and oriented NC-Zariski pair.

B. Guerville-Ballé, New Zariski pairs of line arrangements.
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Ordered NC-Zariski pair

Let C be the following combinatorics :

C=[01,2,[1,3,5,7,[1,4,6,8],[1,9], [1,10,11],[2,3,6,9],
[2,4,5,10],[2,7,11], [2,8], [3,4], [3,8,11], [3,10], [4, 7], [4,9, 11],
[5,61,15,8,9],[5,11], 6,7, 10], [6, 11], [7, 8], [7, 9], [8, 10}, [9,10] ],

with the inner-cyclic character :
E : (alv t 7011) — (Ca C47C37<27 1, 1 C7<27 C37 C47 1)7

where ( is a primitive 5t"-root of unity.
.

The combinatorics C' admits 4 realizations A", A=, BT and B~ :

zyz(z—2)(y—2)(@+y—2)(~a’z+2)(y—az)((a—z—y+2)
(—a(fa—Dz+y+a(la—1)2)(—a(a— 1)z +y—az) =0.

with o a roots of the polynomial X% — X% + X2 — X + 1.
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Ordered NC-Zariski pair 11

The images of the nearby cycles in the complement are :

Ya+ = —o2, Ya- = —Quo — 0 — Qg — Qg,

Y+ = —(0a2 + a9) + g, Y- = —(a2 + ag).

Then, we have :

E(ar) =C E@Fa-)=¢" EGpr)=¢ €Gp-)=¢

‘TOPOLOGICAL INVARL
OF LINE ARRANGEME!

B. GUERVILLE-BAL

Introduction

The inclusion map
- Incidence graph
Wiring diagram.
- The boundary.
manifold

- Framed & geom
cycles

- Description of #
inclusion map

- Presentation of
fundamental grou

Topological invari
- The topological
invariant
- Computability ©
the invariant

- Zariski pairs
- Characteristi@
varieties

Conclusion

27 / 32



Ordered NC-Zariski pair 11

The images of the nearby cycles in the complement are :

Ya+ = —o2, Ya- = —Quo — 0 — Qg — Qg,

Y+ = —(0a2 + a9) + g, Y- = —(a2 + ag).

Then, we have :

E(ar) =C E@Fa-)=¢" EGpr)=¢ €Gp-)=¢

The pairs (A, BY) are ordered NC-Zariski pairs.

"TOPOLOGICAL INVARIAI
OF LINE ARRANGEME!

B. GUERVILLE-BAL

Introduction

The inclusion map
- Incidence graph
Wiring diagram.

- The boundary.
manifold

- Framed & geome
cycles

- Description of th
inclusion map

- Presentation of #
fundamental grou
Topological invarig
- The topological
invariant

- Computability ©
the invariant

- Zariski pairs

- Characteristi@

varieties

Conclusion

27 / 32



NC-Zariski pair

.,<Z{+

o,

334-

Adding a generic line Lis to C passing through
LiN LsN Ls N Ly, we obtain four arrangements denoted by :

B~
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NC-Zariski pair

Adding a generic line Lis to C passing through
LiN LsN Ls N Ly, we obtain four arrangements denoted by :

ot o, BT, H .

The pairs (o/*, B*) are NC-Zariski pairs.
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NC-Zariski pair

Adding a generic line Lis to C passing through
LiN LsN Ls N Ly, we obtain four arrangements denoted by :

ot o, BT, H .

The pairs (o/*, B*) are NC-Zariski pairs.

The 4-tuplet (o7, B, o/, #B7) is an oriented NC-Zariski
4-tuplet.
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Depth of characters : E. Artal’s results

Let Ei (resp. (@2)6) be the smooth, (resp. smooth, branched),

—2 -~
cyclic cover of E4 (resp. CP ) associated with &. Let £ be a ge-
nerator of the group of deck automorphism, and let £* be the
induced map on the cohomology groups.

The quasi-projective depth of a character £ on Hi(FE4;7Z) is
defined by :

depth(¢) = dim coker (H1 ((@2)6;0)5* St (E§4§C>é*) .

Let € be a character on Hi(E4;Z), then :
depth(¢) = corank Kf:,

where Kf: 1 a square matriz determined by the combinatorics
and the images by & of a basis of the nearby cycles of A.
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Computation for Ceva-7

Let £ be the character on the complement of the Ceva-7 arrange-

ment previously presented :

(Oéo, a1, a2, 3, 4, A5, CVG) = (11 -1,

_17 17

_17

~1,1).
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Computation for Ceva-7

Let £ be the character on the complement of the Ceva-7 arrange-
ment previously presented :

(0[0, a1, a2, 3, 4, A5, 056) = (11 -1,

The graph f‘ug

Lo
Ly — Lg

_17 17
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~1,1).
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Computation for Ceva-7

Let £ be the character on the complement of the Ceva-7 arrange-
ment previously presented :

(ao7a17a27a37a47a57a6) = (17 —15 _17 17 _17 _17 1)

The graph f‘% :

Lo
K%
/ \ 1 5(53,6)71 —1
Ly — Lsg

Il
—
I
—
o~
=
o
“w
(=]
N
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Computation for Ceva-7

Let £ be the character on the complement of the Ceva-7 arrange-
ment previously presented :

(ao7a17a27a37a47a57a6) = (17 —15 _17 17 _17 _17 1)

The graph f‘% :

Lo
K%
/ \ 1 5(53,6)71 —1
Ly — Lsg

depth(¢) = corank K5 = 2.

Il
—
I
—
o~
=
o
“w
(=]
N
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Conclusion

e Two explicit descriptions of the inclusion map, and a genera-
lization of Randell’s presentation of the fundamental group of
Ea
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Conclusion

e Two explicit descriptions of the inclusion map, and a genera-
lization of Randell’s presentation of the fundamental group of

Ea

e A new topological invariant

For 7 a nearby cycle associated with an inner-cyclic character

€3

&(7) is a topological invariant
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Conclusion

e Two explicit descriptions of the inclusion map, and a genera-
lization of Randell’s presentation of the fundamental group of
E4

e A new topological invariant

e New examples of NC-Zariski pairs

[The pairs (AT, BY) form ordered NC-Zariski pairs

)

[The pairs (&=, %) form NC-Zariski pairs

)

The arrangement /" ,.o/~ %" and %~ form an oriented NC-
Zariski 4-tuplet

J
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Conclusion

e Two explicit descriptions of the inclusion map, and a genera-
lization of Randell’s presentation of the fundamental group of
E4

e A new topological invariant

e New examples of NC-Zariski pairs

e A geometric method to compute the quasi-projective depth
of any character
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e Optimize the programs (Sage and Maple)

[Modify the construction of the wiring diagram ]

[Reduce the set of realizations j

[Develop a better algorithm to detect the prime combinatorics ]
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e Optimize the programs (Sage and Maple)

e Extend the results to the case of rational algebraic plane

curves
[Description of the inclusion map of the boundary manifold ]
[Generalization of the topological invariant J
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Continuations

Optimize the programs (Sage and Maple)

Extend the results to the case of rational algebraic plane

curves

Continue the study of the depth of characters

|

Obtain new combinatorial conditions to admit a character with
a non null quasi-projective depth

J
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Continuations

e Optimize the programs (Sage and Maple)

e Extend the results to the case of rational algebraic plane
curves

e Continue the study of the depth of characters

e Description of the inclusion map on the twisted homology
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Continuations

e Optimize the programs (Sage and Maple)

e Extend the results to the case of rational algebraic plane
curves

e Continue the study of the depth of characters

e Description of the inclusion map on the twisted homology

e Continue the study of the combinatorics and the characteris-
tic varieties
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Thank you for your attention.
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