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Arrangements & topology

De�nition

A complex line arrangement A is a set of lines {L0, · · · , Ln} of CP2.

Ceva's arrangement (1678)

De�nition

The topological type of an arrangement A is the homeomorphism type of the
pair (CP2,

⋃
Li).
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Combinatorics

De�nition

The combinatorics of an arrangement A is a triplet (A,Q,∈) formed by :

the set of lines : A
the set of intersection points : Q
the incidence relations between them : ∈

Example

The combinatorics of Ceva's arrangement is :

[ [1, 2, 3], [1, 4], [1, 5, 6], [2, 4, 6], [2, 5], [3, 4, 5], [3, 6] ]

L5

L1L3 L2

L6L4
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Question

What is the in�uence of the combinatorics on the topology ?

Topological invariants :

Complement : EA = CP2 \ A.

Fundamental group : π1(EA).

Invariant of the fundamental group :

I character ξ ∈ Hom(π1(EA);C
∗)

I Alexander's module

I characteristic varieties

• (1980) P. Orlik and L. Solomon : "Combinatorics and topology of comple-

ments of hyperplanes", (Inventiones Mathematicæ)

• (2001) E. Hironaka : "Boundary manifold of line arrangements", (Mathe-
matische Annalen)

• (1998) G. Rybnikov : "On the fundamental group of the complement of a

complex hyperplane arrangement",

• (2005) E. Artal, J. Carmona, J.I. Cogolludo and M. Marco : "Topology and

combinatorics of real line arrangements", (Compositio Mathematica)

De�nition

A Zariski pair is a pair of arrangements A1 and A2 with :

- the same combinatorics,

- di�erent topological type.
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Incidence graph

De�nition

The incidence graph ΓA of an arrangement A is a non-oriented bipartite
graph where the set of vertices decomposes as VP (A) t VL(A), with :

VP (A) = {vP | P ∈ Q} , and VL(A) = {vL | L ∈ A} .

Example

The incidence graph of Ceva's arrangement is :

L1 L2 L3 L4 L5 L6

P1 P2 P3 P4 P5 P6 P7

[ [1, 2, 3], [1, 4], [1, 5, 6], [2, 4, 6], [2, 5], [3, 4, 5], [3, 6] ]
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Construction of the boundary manifold

De�nition

The boundary manifold BA of an
arrangement A is the boundary of a regular
neighborhood of A. We have the inclusion :

i : BA ↪→ EA.

Proposition

The boundary manifold BA is a graph
manifold �in the sense of F. Waldhausen�
over the incidence graph ΓA.
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Generating system of π1(BA)

Proposition

The fundamental group of the boundary manifold is generated by :

Meridians around Li : αi

Lift of a basis of cycles of ΓA : γ̃s

P1 P2

P3

L1

L2 L3

De�nition

A lift γ̃ ∈ BA of a cycle γ ∈ ΓA is a nearby cycle if :

γ̃ ∈

 ⋃
vL∈γ

Thole(L)

 ∪
 ⋃
vP∈γ

BP

 ,

where Thole(L) is a tubular neighborhood of L \
( ⋃
P∈L

BP ∩ L
)
.
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Inner cylic character

Let ξ be a character on the complement of A :

ξ : π1(EA) −→ C∗.

De�nition

A character ξ is inner-cyclic if there is a cycle γ ∈ ΓA such that :

For all vL ∈ γ, ξ(αL) = 1

For all vP ∈ γ,
∏

L′3P
ξ(αL′ ) = 1

For all P ∈ L with vL ∈ γ,
∏

L′3P
ξ(αL′ ) = 1

De�nition

A inner-cylic arrangement is the data of :

An arrangement A
An inner-cyclic character ξ on π1(EA)

A cycle γ associated with ξ
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Example : Ceva-7

P0

P1

P2

P3

P4

P5

P6

P7 P8L1

L2
L3 L4 L5 L6

L7

ξ(αL) = 1

ξ(αL) = −1

L1

L2

L3

L4

L5

L6

L7

P0

P1

P2

P3

P4

P5

P6

P7

P8

Proposition

The triplet (A, ξ, γ) is an inner-cyclic arrangement.
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The invariant

De�nition

Let A be an arrangement and ξ a character on π1(EA). We consider the
following application :

χ(A,ξ) :

 ΓA
`−→ BA

i−→ EA
ξ−→ C∗

γ 7−→ γ̃ 7−→ γ̃ 7−→ ξ(γ̃)
,

where ` lift any cycle of ΓA into a nearby cycle.

Theorem (Artal, Florens, )

If (A, ξ, γ) is an inner-cyclic arrangement, then χ(A,ξ)(γ) is topological

invariant of the ordered and oriented pair (CP2,A).

E. Artal Bartolo, V. Florens and B. Guerville-Ballé, A topological
invariant of line arrangement
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Example :
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Ordered Zariski pair I

Let C be the following combinatorics :

C = [ [1, 2], [1, 3, 5, 7], [1, 4, 6, 8], [1, 9], [1, 10, 11], [2, 3, 6, 9],

[2, 4, 5, 10], [2, 7, 11], [2, 8], [3, 4], [3, 8, 11], [3, 10], [4, 7], [4, 9, 11],

[5, 6], [5, 8, 9], [5, 11], [6, 7, 10], [6, 11], [7, 8], [7, 9], [8, 10], [9, 10] ],

with the inner-cyclic character :

ξ : (α1, · · · , α11) 7−→ (ζ, ζ4, ζ3, ζ2, 1, 1, ζ, ζ2, ζ3, ζ4, 1),

where ζ is a primitive 5th-root of unity.

Proposition

The combinatorics C admits 4 realizations A+, A−, B+ and B− :

xyz(x− z)(y − z)(x+ y − z)(−α3x+ z)(y − αz)((α− 1)x− y + z)

(−α(α− 1)x+ y + α(α− 1)z)(−α(α− 1)x+ y − αz) = 0.

with α a roots of the polynomial X4 −X3 +X2 −X + 1.
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Ordered Zariski pair II

Proposition

The images of the nearby cycles in the complement are :

γ̃A+ = −α2, γ̃A− = −α10 − α4 − α8 − α9,

γ̃B+ = −(α2 + α9) + α2, γ̃B− = −(α2 + α9).

Then, we have :

ξ(γ̃A+ ) = ζ ξ(γ̃A− ) = ζ4 ξ(γ̃B+ ) = ζ2 ξ(γ̃B− ) = ζ3

Theorem ( )

The pairs (A±,B±) are ordered Zariski pairs.

B. Guerville-Ballé, New Zariski pairs of line arrangements.
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Zariski pair

De�nition

Adding a generic line L12 to C passing through L1 ∩ L3 ∩ L5 ∩ L7, we obtain
four arrangements denoted by :

A +, A −, B+, B−.

Theorem ( )

The pairs (A ±,B±) are Zariski pairs.

Theorem ( )

The 4-tuplet (A +,B+,A −,B−) is an oriented Zariski 4-tuplet.
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Conclusion

A new topological invariant

• Simply computable

• Detecting Zariski pairs

Continuations

• Extend the invariant to rational algebraic plane curves

• Describe the inclusion map on the twited homology or
on the lower central series
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End

Thank you for your attention !
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