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De�nitions

Question

What determines the topology of an arrangement ?

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

- Complex line arrangement A : union of line in {L0, · · · , Ln} in CP2.

- Complexi�ed real arrangement : Li have real equations.

- E(A) =

(
CP2 −

◦
T (A)

)
: exterior of A.

- Topology of A : topological type of the exterior of the arrangement.

It is determined by the pair
(
CP2,A

)
.
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Fundamental groups vs Combinatorics

Question

Does the combinatorics determines the fundamental group ?

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

- Fundamental group of E(A) : topological invariant.

Too complicated.

- The combinatorics of an arrangement is the description of the multiple points

and the incidence relations.

No. Rybnikov (1998).
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Main result

Theorem

The map induced by i on the fundamental group,

i∗ : π1(M(A)) −→ π1(E(A)),

can be explicitly described from a speci�c presentation of π1(M(A)).

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

Let A a line arrangement, we de�ne the boundary manifold of A by :

M(A) = ∂E(A). It can be constructed only from the combinatorics of A.
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Didactic example

Didactic example

L0 = {z = 0} , L1 = {−(i + 2)x + (2i + 3)y = 0} ,

L2 = {−x + (i + 2)y = 0} , L3 = {−x + 3y + iz = 0}

L4 = {−x + (2i + 2)y = 0} .

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement
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Incidence graph
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- Incidence graph ΓA : graph containing the combinatorics of an arrangement.

- ΓA : non-oriented, bipartite, and vertices V (A) = VP(A)
∐

VL(A).

VP(A) = {vP | P ∈ P}, VL(A) = {vL | L ∈ A},

where : - P : set of the singular points of A.

- Edges of Γ(A) : Y (L,P), with L ∈ AP = { Li | P ∈ Li }.

L0

P0,1

P0,2

P0,3

P0,4 L4

L3

L2

L1 P1,2,3

P1,4

P2,4

P3,4
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Construction of the boundary manifold
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The boundary manifold can be constructed as a graph manifold over ΓA.

- For point-vertex vP , we take a 3-sphere without an Hopf link with multiplicity

of P components. With fundamental group :

< yk1 , · · · , ykm | [yk1 , · · · , ykm ] >

- For line-vertex vL, we take a S1-bundle over the line L without the singular

point of A. With fundamental group :

< xk1 , · · · , xkl , αk | ∀i ∈ {k1, · · · , kl} , α−1k xiαk = xi >
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Fundamental group of the boundary manifold

Presentation of the boundary manifold

Let αi be the meridians around the Li , and let the ε(s,t) be in bijection with a

cycles basis of ΓA ; then π1(M(A)) admits the following presentation :

π1(M(A)) =< α1, · · · , αn, ε(s1,t1), · · · , ε(sl ,tl ) | ∀i ∈ {1, · · · , k} , Ri >,

where - Ri = [αi1 , α
ci2
i2
, · · · , αcim

im
] if Pi = Li1 ∩ Li2 ∩ · · · ∩ Lim ;

- cij = ε(i1,ij ) for all j ∈ {2, · · · ,m}.

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement
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Some de�nitions

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

- {P1, · · · ,Pk} : singular points of A,

- π : CP2 −→ CP : canonical projection,

- xi = π(Pi ),

- γ a path of CP such that : ∀i , ∃t ∈ [0, 1], γ(t) = xi .

P1

P2

P3

CP2

π

CP

x1

x2

x3
•

•
•

γ
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Braided wiring diagram

Braided wiring diagram

The braided wiring diagram WA is de�ned by :

WA = A ∩ π−1(γ),

1

2

3

4

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement
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Unknotted cycles

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

To each cycle ε(s,t) of the presentation of π1(M(A)), we associate a word

σ(ε(s,t)) = δl(s,t)ε(s,t)δ
r
ε(s,t)

.
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Over arcs and µε

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

To each cycle ε of the wiring diagram, we associate a word µε.
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To each cycle ε of the wiring diagram, we associate a word µε.



Introduction
Inclusion map

Example : MacLane arrangements

Boundary manifold
Fundamental group of the exterior

Main results

Theorem

The map i∗ : π1(M(A))→ π1(E(A)) induced by the inclusion is described by :

i∗ :

 αj 7−→ αj ,

ε(s,t) 7−→ (δl(s,t))
−1µε(s,t)(δ

r
ε(s,t)

)−1.

where αj and ε(s,t) are the generators of the presentation of π1(M(A)).

Property

Moreover i∗ is onto, with kernel generated by δlε(s,t)ε(s,t)δ
r
ε(s,t)

µ−1ε(s,t)
.

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement
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The braided wiring diagram :

The example of the cycle ε(4,5).



Introduction
Inclusion map

Example : MacLane arrangements

Computation I

1
2
3
4
5
6
7

1
2
3
4
5
6
7

1
2
3
4
5
6
7

M. M. Buzunariz, V. Florens, B. Guerville On the boundary manifold of a complex line arrangement

The braided wiring diagram :

The example of the cycle ε(4,5).
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Computation II

L7

L4

L2
P2

:PM
2 •

direct

clock wise

< >

>

δl(4,5) = ε−12,4x
−1
2 ε2,4

L5

L3

L2
P1

:PM
1 •

direct

clock wise

>

<

<

δr(4,5) = ε−12,5ε2,3x3ε
−1
2,3x2ε2,5

R4,5 : ε4,5 = x2x
−1
7 x4x

2
7 x
−1
4 x−12 x−13 .
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Final result

Presentation

π1(E(A+)) =< x1, · · · , x7,
ε2,3, ε2,5, ε2,4, ε2,7, ε2,6, ε4,5, ε3,6, ε3,7, ε1,5, ε1,7, ε1,3, ε1,4, ε1,6 |

R2,3,R2,5,R2,4,R2,7,R2,6,R4,5,R3,6,R3,7,R1,5,R1,7,R1,3,R1,4,R1,6,

[x2, x
ε2,3
3 , x

ε2,5
5 ], [x2, x

ε2,4
4 , x

ε2,7
7 ], [x2, x

ε2,6
6 ], [x4, x

ε4,5
5 ],

[x3, x
ε3,5
5 , x

ε3,7
7 ], [x1, x

ε1,5
5 , x

ε1,7
7 ], [x1, x

ε1,3
3 ], [x1, x

ε1,4
4 , x

ε1,6
6 ] >
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The End

Thank you for your attention
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