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1. FIRST STEPS ON THE TRAIL

A line arrangement is a finite set A = {f1,...,¢,} of complex projective lines in CP2. Each line
¢; can be defined as the zero locus of a 1-form «;. The defining polynomial of A is then the product
Q(A) = [[i; a;. The vanishing points of Q(A) are the zero loci Z(A) of the arrangement A, and it
can be defined as the union of the lines of A, i.e. Z(A) = |J_; ¢ C CP2 The complement of A is
M(A) = CP?\ Z(A). The arrangement A is a complerified real arrangement, if there exists a system
of coordinates of CP? such that each 1-form ¢; has an equation with real coefficients'. On the first
hand, the definition of A as the vanishing points of the polynomial Q(A) endowed it with a structure
of algebraic plane curve; on the other hand, A is also defined as the vanishing locus of 1-forms that
makes it a hyperplane arrangement. This specific position of line arrangement at the intersection of
these two fundamental domains of mathematics provides to the study of line arrangements a myriad
of aspects. Our main focus is on the topology of line arrangements, nevertheless combinatorial or

geometric aspects will play important roles in this study.

1.1. Origins: Hyperplane arrangements & Algebraic plane curves.

The study of hyperplane arrangements takes its origins in the study of finite reflection groups and
braid groups. Indeed, the pure braid space M = {x € C! | z; # xj for i # j} is the complement of a
hyperplane arrangement. In 1962, Fadell, Fox, and Neuwirth [30, 39] proved that this space is K (m, 1),
opening the path to the study of the topology of hyperplane arrangements complement. Then, Arnol’d
gave a finite presentation of the cohomology ring H*(M) depending only on the intersection lattice of
the arrangements [4]. In the same paper, he conjectured that the cohomology ring of the complement
of any hyperplane arrangement is torsion-free and generated by some specific one-dimensional classes.
In 1971, Brieskorn gave a proof of that fact in a Bourbaki Seminar talk [16]. This result has been
extended by Brieskorn and Saito to generalized Artin groups [17]. Independently, Deligne also obtained
the same generalization [25]. In addition, he proved that when the associated arrangement is simplicial?,
its complement is an Eilenberg—MacLane space, more precisely it is K (m, 1). This solved a conjecture
made by Brieskorn the year before during the Bourbaki Seminar. Finally, the original presentation of
H!(M) obtained by Arnol’d has been generalized in [66] to any hyperplane arrangement by Orlik and
Solomon in 1980. In particular, this implies that the cohomology ring of a hyperplane arrangement

complement is determined by its intersection lattice. This naturally leads to the following question.

Question. How much of the embedded topology of a hyperplane arrangement is determined by its

intersection lattice?

In 1925, Enriques questioned the existence of complex algebraic function z of  and y, possessing a
preassigned curve f as branch curve [29]. In a private conversation with Zariski, Lefschetz reduced this
problem to the determination the fundamental group of the given curve complement. Then, during
the 30s’, Zariski published a series of three papers [88, 89, 90| in which he proved the existence of two
irreducible sextics with six cusps that have non-isomorphic fundamental groups. In both cases, the
fundamental group is a finite group of order 6, but Zariski proved that it is non-Abelian if and only
if the six cusps lie on a conic. Even if he gave an explicit equation of the curve with a non-Abelian

fundamental group, we had to wait fifty-five years and the paper of Oka [63] to have an equation for

INote that this condition is stronger than to assume that Q(.A) is a polynomial with real coefficients.
2An arrangement is simplicial if it is a complexified real arrangement and its complement in the real plane is the

disjoint union of simplicial cones.



the Abelian case®

. Zariski claimed that only two families of such cuspidal sextics exist. Degtyarev
classified in [24] the other families of sextics. In [5], Artal suggested calling such couples of curves with
the same local singularities yet different embedded topology a Zariski pair. During the end of the last
century, various authors produced new examples of Zariski pairs: Artal [5], Oka [64], Shimada [75] and
Degtyarev |23]. We refer to the survey |9] by Artal, Cogolludo and Tokunaga for more details about
Zariski pairs of algebraic plane curves.

Extending the underlying meaning of local types of singularities into the notion of combinatorics [5],
one can extend the previous definition of Zariski pairs to any algebraic plane curve (not necessarily
irreducible). The first example* of such reduced Zariski pair has been exhibited by Artal in [5]. Tt was

at this point that this story met the previous one in the form of the following question.
Question. Does Zariski pairs of line arrangements exist?

1.2. Topology of line arrangements.
The result of Orlik and Solomon [66] suggests that the topology of a line arrangement is determined

by its intersection lattice®; while Zariski’s works hint the converse [88, 89, 90].

1.2.1. Homotopy of the complement.

The first step to tackle this problem was to determine the fundamental group of a line arrangement.
The first method to compute a finite presentation is due to Zariski and van Kampen [88, 80| in
the general context of algebraic curves. In [20], Chissini noticed that this presentation involves a
powerful invariant: the braid monodromy (see also |19, 60]). In the particular case of complexified real
arrangements, Randell gave an algorithm based on the real picture of the arrangement to compute the
fundamental group [68, 69, 73]. Then, it has been adapted to any line arrangement by Arvola [14] using
the so-called braided wiring diagram. It is a diagrammatic method to encode the braid monodromy of a
line arrangement. Recently, Yoshinaga gave another presentation in the particular case of complexified
real arrangements [87]. We can also mention the presentation obtained in [38] using the inclusion
of the boundary manifold® in the complement. Several examples of fundamental groups and various
invariants have been computed by Suciu in [78]. In this paper, he noticed that the lower central series
quotients may have some torsion, and he queries whether it is determined by the intersection lattice
or not.

In a wider perspective, mathematicians are also interested by the homotopy type of the complement.
In [32], Falk constructed two homotopy-equivalent arrangements with the same weak combinatorics’
yet different intersection lattices. In the other direction, Jiang and Yau proved that the homeomor-
phism type of the complement determines the intersection lattice [52] (see also Di Pasquale [27]). We
refer to the survey of Falk and Randell for various open problems on the homotopy of hyperplane

arrangements [36.

31 didn’t wait that long since I was only 6 years old when Oka’s paper has been published.
4These curves are formed by a smooth cubic and three inflectional tangent lines. Nowaday, such curves are known as

the 3-Artal curves [15].
5The intersection lattice is the equivalent for hyperplane arrangements of the combinatorics for algebraic plane curves.

In the case of line arrangements, they will be used as synonyms.
5The boundary manifold of an arrangement A is a graph 3-manifold, in the sense of Waldhausen [81], defined as the

boundary of a regular tubular neighborhood of Z(A) in CP?.
"The weak combinatorics is given by the number of lines, the number of singular points for each multiplicity and their

repartition among the lines. It differs from the combinatorics, by its lack of incidence relations between the lines.



1.2.2. Zariski pairs of line arrangements exist!

It was in 1998 that Rybnikov discovered the first example of a Zariski pair of line arrangements [71].
The Rybnikov arrangements are formed by 13 lines with only double and triple points and are defined
over Q[(3], with (3 a primitive third root of unity. To distinguish their topology, Rybnikov introduced
an invariant of the fundamental group of the arrangement based on its lower central series. The
difficulty of Rybnikov’s proof made it hard to review, and he almost gave up publishing it. It was
finally published in 2011 [72]. Meanwhile, Artal, Carmona, Cogolludo and Marco published a detailed
proof of Rybnikov’s result [8].

The second example of a Zarigki pair appeared in 2005, and it is due to Artal, Carmona, Cogolludo
and Marco [7]. Their example is formed by two arrangements of 11 lines with double and triple points
together with a unique point of multiplicity 5. They have the particularity to be complexified real
arrangements defined over Q[v/5], and their topologies are distinguished using the braid monodromy.
It is a fine invariant of the embedded topology which determines the homotopy type of the comple-
ment [54]. Nevertheless, this difference between the braid monodromies does not imply a difference
between neither the fundamental groups, nor the homeomorphism types of the complements. Until
now, we did not know whether they are homeomorphic or not. Therefore, this strengthens our interest
for the Falk and Randell problem 1.3 in [36].

Problem. Is the fundamental group of a complezified real arrangement determined by its intersection
lattice?

1.2.3. My contributions.

The contents presented in this manuscript shed fresh insights on the study of line arrangements.
The introduction of a linking invariant for line arrangements enables the detection of new Zariski
pairs (Sections 2 and 4). Notably, the diversity of these pairs facilitates the resolution of several open
questions, such as the combinatorial nature of the fundamental group of complexified real arrangements
(Section 5.1) or of Galois-conjugated arrangements (Section 2.3). By combining this invariant with
Rybnikov’s idea, we achieved to generalize his construction (Section 3). Remarkably, this approach
also leads to Zariski pairs that are homotopy-equivalent yet possess non-homeomorphic complements
(Section 5.2).

Our exploration of Zariski pairs of line arrangements naturally guides us toward an examination of
the topological aspects of the moduli space of line arrangements. Inspired by the pioneering work of
Nazir and Yoshinaga, we extended their combinatorial class of C3 arrangements of simple type (Sec-
tion 6.5). Subsequently, we established a sharp upper bound for the number of connected components

of the moduli space (Section 7).

1.3. Definitions and notations.

To avoid confusion and misleading, let us fix some definitions and notations. They will be used across
all this manuscript. If different notations or assumptions are made for some statements, they will be
explicitly mentioned. The set of all line arrangements with n lines is denoted by Arr,; furthermore, in

this manuscript, n will always denote the cardinality of an arrangement A.

1.3.1. Topology.

The main object of our interest in this manuscript is the topology of an arrangement A. It is defined
as the homeomorphism type of (CP?, Z(A)). A meridian around the line £ € A is an oriented path
homotopically equivalent to the boundary of a small disc transverse to ¢ at a smooth point of Z(.A).

It is denoted by my or my. Depending on the context, a meridian can be considered either as a path

7



in M(A), as its homotopy class in m (M (A)) or as its homology class in H; (M (A)). The oriented
topology of A is the restriction of the topology to the class of homeomorphisms preserving both the

global orientation of CP? and the local orientation of the meridians m,.

An ordered arrangement is a pair (A,w), where A € Arr, and w is a bijective map w : A —
{1,...,n}, called the order on A. For the sack of brevity, we often express an ordered arrangement
as a set A = {l1,...,0,} where the indices of the lines are chosen in a compatible way with the order
w, i.e. such that w(¢;) = i, for any ¢; € A. The ordered topology of (A,w) is the restriction of the
topological type to homeomorphisms respecting the order w (i.e. to homeomorphisms h : CP? — CP?
such w(l;) = woh(¢;) for all i € {1,...,n}). When w is the order given by the indices then the ordered
topology is the homeomorphism type of the tuple (CP2,¢y,...,4,). In this manuscript, we consider
only ordered arrangements (without specifying each time that it is ordered). Exceptions to this rule

occur, for example when we obtain Zariski pairs, they are explicitly indicated each time.

1.3.2. Combinatorics.

In [5, Remark 1.2|, the combinatorics of an algebraic plane curve C' is defined as the data of the
degree of each irreducible component Cfi,...,C, of C, the list of the topological type ¥q,...,%,, of
the singular points of C', and for each branch Eg of a singularity ¥; the irreducible component C} of C
which contains E{ . Orlik and Terao [67, Definition 1.12] define the intersection lattice of a hyperplane
arrangement as the set of all non-empty intersections of elements of the arrangement. When A is a
line arrangement then this definition can be reduced to the set of all the maximal subsets Ap of A
with a non-empty intersection®. As already mentioned, in the context of line arrangement these two
definitions are equivalent. For convenience in the notation, we will mainly use the reduced version of
the intersection lattice; nevertheless, since our main influence comes from the study of algebraic curves,
it will be called combinatorics in this manuscript. Explicitely, the combinatorics C(.A) of A is given
by:

CA)=SApCA| [ t:#0 and VEe A\ Ap: (0 () Li=1
L;eAp l;eAp
Frequently, Ap will be identified as the singular point P € Sing(A) of Z(A). The multiplicity of a
singular point P is m(P) = | Ap|, it is a multiple point if m(P) > 3.

Two arrangements A; and Ay are combinatorially equivalent, if there exists a one-to-one set-
correspondence ¢ between A; and Ay such that for all Ap € C(A), one has ¢(Ap) € C(Az). This
equivalence is written C(A;) ~ C(Az). When A; and Ajp are two ordered arrangements, with respec-
tive orders w; and we, then ¢ needs, in addition, to respect the orders, i.e. wi(¢;) = wa o ¢(¢;) for all
ie{l,...,n}.

The automorphism group of a combinatorics C(.A) is the subgroup of the permutation group % (.A)
which fixes C(A). More precisely, one has:

Aut(C(A)) = {o € S(A) | VAp € C(A), o(Ap) € C(A)}.

An abstract line combinatorics is a combinatorial structure that mimics the combinatorics of a line

arrangement. It is defined as C = (£, P) such that P is a subset of the powerset of £ and it verifies

(1) for all Pin P, |P| > 2,
(2) for all #1 # £y € L, there exists a unique P € P such that ¢; € P and {5 € P.

8In this context, maximal means that for any line £ € A\ Ap, the intersection £ N (ﬂ[ieAP ¢;) is empty.

8



If Ais a line arrangement then C(A) is an abstract line combinatorics. Nevertheless, the converse
is not true in general. Indeed, using Pappus’ hexagon theorem, one can construct an abstract line

combinatorics which is not the combinatorics of a line arrangement.

1.3.3. Moduli space.
The realization space R(A) of an ordered arrangement A (or equivalently of C(.A)) is the subset
R(A) of Arr,, defined by:

R(A) ={B € Arr | C(A) ~ C(B)}.
A line 4; : a;x + bjy + c;z = 0 in CPP? can be considered as a point (a; : b; : ¢;) in the dual (CfP’z, then an
element of Arr,, is identified with a point in (CfP’Z)n. Three distinct lines ¢;, £; and £}, are concurrent

if and only if

a; CL]‘ af
Ajjg = det(l;, 65, b) = by by by| =0.
C; Cj Ck

By definition, the realization space of a line combinatorics C(A) with A € Arr, can be constructed as
a subset of ((CfP’z)n as follows:

Ll Vit
R(A) =19 (1,...,0) € (CP2)" | Ay =0, if {£;,0;,0,} C Ap, for a Ap € C(A)
A; ik # 0, otherwise

There is a natural action of PGL3(C) on R(A). Indeed, any projective transformation preserves
lines intersection, so if T' € PGL3(C), then the arrangements T'- A = {T'(¢1),...,T(¢,)} and A are
combinatorially equivalent. That is to say, T- A € R(A). We define thus the moduli space M(A) of A
(or of C(A)) as the quotient of R(.A) by this action of PGL3(C). It is worth noticing that the realization
space and moduli space that we consider here correspond respectively to the ordered realization space
¥ord(C) and ordered moduli space M°4(C) in [7, Definition 3.3].

As proved by Mnév in [59], the moduli space of a line arrangement can behave as badly as one
can imagine. Vakil qualifies such behavior as Murphy’s law [79]. More precisely, Mnév Universality
Theorem states that every singularity of finite type over Z appears in at least one moduli space.
Recently, it was shown in [22] that the realization space of line arrangements is smooth for |A| < 11,
and then nodal singularities appear for |A] = 12. In addition, there are several basic geometric or
topological aspects of the moduli space that cannot be fully predicted by a combinatorial study, as

shown by the classical Pappus’ hexagon theorem.

2. AN ADAPTATION OF THE LINKING NUMBER TO LINE ARRANGEMENTS

In this first section, we present a topological invariant of line arrangements named the Z-invariant®.
It is inspired by the linking number of Knot Theory and was first introduced in [12]. It can be
computed due to an Abelian version of the main result of [38]. This invariant is used in [41] to
distinguish an arithmetic Zariski pair. It appears that this pair also has the property to possess
non-isomorphic fundamental groups [11]. In the last section, two generalizations are given. First, a
refinement of the Z-invariant introduced by Cadegan-Schlieper in his Ph.D. [18], then studied in [45];
second, a generalization to algebraic plane curves defined in [46], and used in [47, 15] to distinguish
the Shimada’s curves [76] and the k-Artal curves [5].

9The notations used here are the one of [18, 45].



2.1. The Z-invariant.

A character on an arrangement A is a morphism & : Hy (M (A); Z) — C*. Tt is a torsion character if
all the images are roots of unity. Due to Orlik and Solomon Theorem [66], H1 (M (A); Z) is the Abelian
group generated by the homology class of the meridians my, with the unique relation ),  , my = 0.
So, a character £ can be described by associating to each line ¢ € A a non-zero complex number &(my),
such that J],c 4 £(me) = 1. As a consequence, a character is a combinatorial object.

The incidence graph I'(A) associated to A is the bipartite graph given by:

e the first set of vertices is composed of the point-vertices vp, for Ap € C(A),
e the second set of vertices is composed of the line-vertices vy, for £ € A,
o the (oriented) edges of I'(A), denoted by (P — £), join vp to v, if and only if £ € Ap.

A cycle v of T'(A) is an element of Hy(I'(A);Z). So, it can be expressed as a chain of oriented edges
of I'(A):
y= Y. apoyP —0), with ap_yy € Z,
(P—£)eT(A)
and which verifies the boundary condition: Z(P—>€)€F(A) a(p—¢)(ve—vp) = 0. It is worth noticing that
both T'(A) and ~ are also combinatorial objects.

Definition 2.1. An inner-cyclic triple (A,&, ) is formed by an arrangement A, a character £ on 4
and a cycle v € Hi(I'(A); Z) such that:

(ICT1) for all (P — £) € I'(A), if a(p_g) # 0 then {(mp) =1 for all &' € Ap,
(ICT2) for all (P — () € T'(A) and P’ € Sing(A), if a(p—¢) # 0 and £ € Ap then [Jpe 4, §(me) =
1.

Two inner-cyclic triples (A1, &1,72) and (A, &2,v2) are combinatorially equivalent if C(Ay) ~ C(A2)

and this equivalence sends £; on & and 7 on 79,

The boundary manifold B(A) of A is the boundary of a regular tubular neighborhood of Z(A).
From Neumann [62] and Westlund [84], B(.A) is a graph manifold based on I'(A). So, it is determined
by the combinatorics of A. A coherent embedding of T'(A) in B(A) is an embedding as described
in |81, Section 9|. Basically, such an embedding sends the edge (P — ¢) in the boundary of a tubular
neighborhood of . The embedding of I'(.A) in B(.A) described in [38] is an explicit example of such a
coherent embedding.

Let j : Hi(I'(A);Z) — Hi(B(A);Z) and i : Hi(B(A);Z) — Hi(M(A);Z) be respectively the map
induced by a coherent embedding I'(A) — B(A) and the inclusion B(A) — M(A), on the first
homology groups. We denote by ¥ : Hy(I'(A); Z) — Hy (M (A); Z) the composed map i o j.

Definition 2.2. Let (A, &,v) be an inner-cyclic triple. The associated Z-invariant is given by:
I(A,&,7) =EoV(y) e C".

It is crucial to note that Z(A,¢&,) is independent of the choice of the coherent embedding. Indeed,
let (A,&,7) be an inner-cyclic triple, if j; and jo are two different coherent embeddings then due to
Conditions (ICT1) and (ICT2) one has i o ji(v) — i 0 ja(y) € ker().

It follows from this construction that Z(A,&,~) is an invariant of the ordered and oriented home-
omorphism type of the complement M (A). In section 2.3, an example of Zariski pair distinguished

using this Z-invariant is exhibited.
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Theorem 2.3 ([12, 45]). If (A1,&1,7) and (A2, &2, 72) are two combinatorially equivalent inner-cyclic
triples such that any automorphism of I'(A;) respects its bipartite structure, and M (A1) and M(As2)

have equivalent ordered and oriented topologies'®, then one has:

I(Al,gl,"}/l) = I(A27€2772>-

Remark 2.4. In [12], it is proven that the Z-invariant is an invariant of the (ordered and oriented)
topology of the pair (CP?, Z(A)). The improvement to an invariant of the complement M (A) is
obtained in [45].

Remark 2.5. The Z-invariant has been generalized by Cadegan-Schlieper in his PhD thesis [18]. The
main idea is to take elements in H'(M(A); G) ®z Hi(T'(A); Z) for an Abelian group G, rather than
considering (&,v7) € HY(M(A);C*) x Hy(I'(A);Z). This allows to reduce the Conditions (ICT1)
and (ICT2). This generalization is studied in [45] and has been named the loop-linking number.

More details are given in Section 2.4.1

Idea of the proof. Assume that there exists a homeomorphism h : M(A;) — M(Az). Then h induces a
homeomorphism h? : B(A;) — B(Az) which respects the graph structures of the boundary manifolds,

see |82, 81|. This implies that we have the following commutative diagram.

Hy(D(A1) 2 Hi(B(A)) — Hi(M(A))

b e b

H;(D(A2)) —2— Hy(B(A2)) —2 Hi(M(As2))

The result then follows from the independence of Z(A,&,~) from the coherent embeddings j; and
J2- O

Since the lines of A are defined by complex 1-forms o, one can define A the complex conjugate
arrangement of A, as the arrangement formed by the lines with complex conjugate equations. If A is

a complexified real arrangement then A = A. Remark that A and A are combinatorially equivalent.

Proposition 2.6. Let (A,£,v) be an inner-cyclic triple. The triple (A,€,7) is inner-cyclic and
combinatorially-equivalent to (A,&,v). One has that

I(Av §7 ’}/)71 = I(ﬁv 57 ’Y)
In particular, if A is a complexified real arrangement then (A€, ~) € {—1,1}.
From this proposition, the following question naturally appears.

Question 2.7. Does it exist Zariski pairs of complezified real arrangements distinguished by the I-

nvariant?

2.2. Methods of computation.
In [38], the inclusion map i, : m1(B(A)) — m1 (M (A)) is explicitly described. An Abelian version is
used in this section to compute the Z-invariant. In the particular case of complexified real arrangements,

an efficient diagrammatic method is given in Section 4.

10We refer to [45, Section 2.2] for the definition of the ordered and oriented topology of an arrangement complements.
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2.2.1. Via the braid monodromy.

Let Py be a point of M (A), and Fy be a line passing through Py generic with Z(A), i.e. #FyNZ(A) =
n. Let g : CP?\ Py — CP! be the natural projection defined by P,. For each edge (P — ¢) of T'4, we
define the geometric braid B(p_,s with n — m(P) + 1 strands as follows. Let Rp be a smooth path
(without self-intersection) in CP* from qo := q(Fo\ Po) to ¢(P) and such that ¢(Sing(A))NRp = q(P).
This last condition implies that the C-fiber over any point of Rp intersects Ap_p = {£} U (A\ Ap)
in exactly n —m(P) + 1 points. So, the geometric braid B(p_,y) € B,,_,,(p)41 is defined as

Bp—t) = Z(Ap=)) Vg ' (Rp) C Rp x C.

Remark 2.8. If a braid monodromy of A based in Py is given by (bltlbfl, oo btmb 1), where t; is
the local full-twist associated to the singular point P; € Sing(A) (see [60, 21] for details about braid
monodromy), then Bp,_,1, is the sub-braid of b; obtained by removing the strands associated to the
lines of Ap, \ /.

For a fixed system of coordinates, let ® : Rp x C — Rp X R be the projection on the real part of
the term C in Rp x C. Up to a slight perturbation, one can assume that ?R(B(p_%)) has only double
points. So, the braid diagram of Bp_, associated to ft can be given as a?ll e ai’:, with g; € {—1,1},
and 01,...,0,_mp) are the classical generators of the braid group B, _,,(p);1. Let ulkg(B(p_%)) be

the upper-linking of ¢ with B(p_,) defined by

k
ulke(B(p_yey) = Y ei.00(05),
=1

where 0;(o;") is the meridian of the strand over-crossing in o;" if the under-crossing strand is associated

to ¢, otherwise it is 0.

Theorem 2.9. Let (A,&,v) be an inner-cyclic triple. One has the following expression for the -
muvariant:

ZALY) = ] §(ulke(Bpoy)) 0.
(P—0)el’(A)

Remark 2.10. A similar expression for the loop-linking number is given in [45, Theorem 3.2].

Idea of the proof. In [38], an explicit description of the map i, : m1(B(A)) — m (M (A)) is given. So,
we consider an Abelian version of i, to compute the value of ¥(v). Fix a coherent embedding e as

described in [38], and assume that v is given by:
Y= ((Pz,k — Ei) - (Pi,j — &)) + ((Pi’j — Ej) — (Pj,k — fj)) + ((Pj,k — fk) — (Pz,k — Ek)),

i.e. v is a triangle in Z(A). To compute ¥(y), we attach a 2-cell along e(+) and study its intersection
with the lines of A\ {;, £;, ¢ }. It appears that the term ulk,(Bp_)) corresponds to the contribution
of an edge (P — ¢) in ~.

Since triangular cycles generate Hy(I'(A)), then one can use the previous description to compute
the value of () for any v € H;(I'(A)), and one has

U(y) = Z a(p—e)-ulke(Bp_yp))-
(P—0)el(A)
The expression then follows from the definition of Z(A, &, 7). O
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2.2.2. Via the braided wiring diagram.

Roughly speaking, the braided wiring diagram, or shortly the wiring diagram, is the trace of the
arrangement A in the fibers over a smooth path p : [0, 1] — CP! starting from ¢ and passing through
all the points of ¢(Sing(A)), see [14, 21| for details braided wiring diagrams. It is a singular braid,

whose singular points correspond to the singular points of A.

We order the points {Pi,..., Py} of Sing(A) according to the order of their image in p, and we
re-parametrized p such that p(i/m) = P;, for i € {0,--- ,m}. A wiring diagram W(A) of A can be
given as an ordered m-tuple of pairs formed by a braid b; € B,, and a singular point P; € Sing(.A):

W(A): [[b17P1]7"' ,[bm,PmH, (WD)
where b; = ANg™! (Pz/_l\P,) € B, with fil\PZ = p((% + ¢, % — 5)) for € small enough.

For a fixed i € {1,---,m} and £ € Ap,, the braid B(p,_,¢ can be obtained from W(A) as follows.
Consider that the path Rp, defined in the previous section is a slight deformation of p((O, %)) which
avoids the points q(Py),...,q(P;—1) turning around them counter-clockwise. In such a situation, we
define:

Bp ¢ =0by Ty by bi_1-Ti—1-b;,
where T} is the local positive half-twist of the strands which correspond to the lines of Ap,, see [12,
Section 4] for an explicit example. The braid B(p,_,y) is obtained from E( pi—s¢) by removing the strands
which correspond to the lines Ap,, except L.
The computation is completed using Theorem 2.9. Due to Remark 2.10, it is also possible to compute

the loop-linking number using this method.

2.3. Application: detection of an arithmetic Zariski pair.
Consider the combinatorics K11 = (£, P) defined by £ = {¢1,--- ,¢11} and

{617£2} 5 {Ela 63} ) {617 £47 657 66} ) {617£77£11} P {617 687 697510} P {£27 63} 3 {627 E47£107 Ell}
P =9 {la,05,80},{la,ls, b7, s}, {l3, Ly, Lo}, {l3, 05,08}, {l3, 06,011}, {L3, C7, 010}, {la, U7}
{€47 €8} ) {657 67} ) {657 glO} P {657 Ell} 5 {£61 69} ) {667 610} 5 {67,69} B {687 Ell} 5 {697 611}

Proposition 2.11. The automorphism group of K11 1s cyclic of order 4, and it is generated by:
o = ({1, l2)(ly, ls, s, L10) (L5, b7, Lo, £11).

The arrangements defined by the following equations admit K11 as combinatorics:

b1 :2=0, by:x+y—2z=0,
l3:ax+y =0, ly:ax+2z=0,

U5 :x =0, bg:x—2z2=0,

by —x 4’y +2=0, lg 1y =0,
lyg:y—2z=0, lp:ay— (a+1)z=0,

(1 —x+?y+ (a®+ 1)z =0.
where « is a root of the 5th cyclotomic polynomial &5 = X* + X3 + X2 + X + 1. We denoted these
arrangements by M* and N'* in such a way that M and M~ (resp. N’ and N'7) are complex
conjugates, and M™ (resp. N'") corresponds to the root a &~ —0.81 + 0.59i (resp. a ~ 0.31 + 0.95:).
Braided wiring diagrams of M™ and N are pictured in Figures (1) and (2) respectively.

Remark 2.12. There exists a projective transformation 7' € PGL3(C) which permutes cyclically M™,
NT, M~ and N~. This transformation is a geometric realization of the generator o of the automor-

phism group of K11 This implies that M* and A'* have all the same topology.
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Consider the following cycle v € Hy (I'(K)):
v=((Pr2— )= (Piz—0)) + (Po3 — la) — (P2 — £2)) + (P13 — €3) — (Paz — 3)),
and the character £ defined by:
E: (b, ) — (1,1,1,6,¢,¢6%,¢%,¢4 ¢4 ¢3¢,
where ( is a 5th root of unity.
Proposition 2.13. The triples (M*,£,7) and (NF,&,7) are inner-cyclic triples.

Theorem 2.14. There is no homeomorphism preserving both orientation and order between any two
pairs among M(M™), M(M™), M(N™T) and M(N ™).

Proof. Let W4 be the map from Hy(T'(A)) to H(M(A)), for A = M™T or A = NT. Following the
method given in Section 2.2.2 applied on the braided wiring diagrams given in Figures (1) and (2), one
has that:

U+ (y) =mr+mg+mig and Wpri(y) = —my.

Then, we apply the character ¢ and using Proposition 2.6, we obtain that:
I(M*&6y) =¢" IMT,&7) =¢ IV =¢, IW,&y) =¢
We conclude using Theorem 2.3. ]

Corollary 2.15. There is no order-preserving homeomorphism between the complements M (M*) and

M(N®).



To remove the ordered condition in the previous lemma, we can apply a strategy similar to the one
of [7]. That is to say, we add a line ¢13 to the combinatorics K to obtain a combinatorics with a trivial
automorphism group. Note that the choice of this line ¢12 is not unique, we make an arbitrary one in
the following paragraph.

By Proposition 2.11, we know that any non-trivial automorphism of the combinatorics K permutes
the four points of multiplicity 4. So, we add a line ¢12 which passes though {¢1, ¢4, {5, (s }. To completely
fix this line £12, we can also assume that it passes though {fg, f11}. We denote by 9T and M*, the
arrangement M= and N'* with such an additional line ¢;5.

The arrangements 9T and M+ are combinatorially equivalent. Indeed, if the addition of this twelfth
line creates other multiple points, then they will be present in all 9t* and 9*. This comes from the
fact that the arrangements M* and N'* are Galois conjugate. We deduce the following corollary,

where the arrangements 9T and M are considered as non-order arrangements.
Corollary 2.16. There is no homeomorphism between M (INF) and M (NF).

A Zariski pair is said to be arithmetic if the equations of the arrangements are Galois-conjugated in
a number field, so the arrangements M+ and M+ form arithmetic Zariski pairs. The topology of such
pairs cannot be distinguished by algebraic arguments. In particular, their fundamental groups have
the same profinite completions. In [11], the fundamental groups of the previous arrangements have

been studied.
Theorem 2.17. The fundamental groups w1 (M (O)F) and w1 (M(M)F) are not isomorphic.

Idea of the proof. The first step is to prove the homological rigidity of these arrangements. It is a
combinatorial property introduced by Marco in [57] which implies that any isomorphism between the
fundamental groups induces the identity at the homological level. The second step is to apply the
Alexander invariant isomorphism test of level 2 developed by Artal, Carmona, Cogolludo and Marco

in [8] to distinguish the Rybnikov arrangements. O

This provides the first example of arithmetic Zariski pair with non-isomorphic fundamental groups,
even in the larger context of algebraic plane curves. Other such examples are given in [45]. Their

fundamental groups are distinguished using the same method.

2.4. Generalizations of the Z-invariant.

The Z-invariant has been generalized in two directions. The first one has been mentioned many times
in the previous section, it is the loop-linking number introduced by Cadegan-Schlieper in his Ph.D.
thesis [18]. It is studied in [45] and allows the distinguishing of several new Zariski pairs, but also the
Rybnikov one, and so to solve a weak version of Falk and Randell Problem 1.2 in [36]. The second one
is a generalization to algebraic plane curves, and it is simply named the linking invariant [46]. It has

been studied in [47, 15]. In this section, we give a short overview of these two generalizations.

2.4.1. Loop-linking numbers.

Let G be an Abelian group. We consider the tensor space H' (M (A); G)®7H1(I'(A), Z). From Orlik-
Solomon [66], this space is determined by the combinatorics. The tensor linking group of A, denoted
by TLG(A, G), is the subgroup of H'(M(A); G) ®z H1(T'(A), Z) formed by the elements which verify:

(TLG1) for all (P — £), and all ¢’ € A containing P, we have \p_,p(mp) = Og,
(TLG2) for all (P — £), and all P’ € Sing(A) contained in £, we have ), p A(p—)(me) = Og-
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Using the notations introduced in Section 2.3, we define the map ¥ : HY (M (A); G)®zH; (T'(A), Z) —
HY(M(A);G) @z Hi(M(A);Z) by ¥ = Idg (ar(ay,) ®(i 0 7). The natural pairing of HY(M(A);G) @z
Hi(M(A);Z) is denoted by .

Definition 2.18. The loop-linking number of A associated to A € TLG(A, G) is
L(AA)=70T¥(A) €G.

It is well-defined since the difference between two coherent embeddings vanishes when we take the
pairing 7 due to Conditions (TLG1) and (TLG2). For more details about this definition, we refer
to [18, Section 3.3.1]. Cadegan-Schlieper proves that the loop-linking number is an invariant of the
ordered and oriented topology, his result is improved in [45] where it is proven that it is an invariant

of the ordered and oriented homeomorphism type of the complement.

Theorem 2.19 (Proposition 21 in [18] and Theorem 2.6 [45]). Let A; and As be two ordered line ar-
rangements. If there exists a homeomorphism h from M (A1) to M (As2), which preserves the orientation
and the orders, then for any A € TLG(A;,G),

C(Ah A) = E(A27 h*(A))a
where hy : TLG(A1,G) — TLG(Az, G) is the isomorphism induced by h.

2.4.2. Linking invariant of algebraic plane curves.

Let C UD be a reducible algebraic curve, decomposed into two nonempty subcurves C and D.
Consider the inclusion maps i : C\D < C and j : C\ D < CP?\ D, and denote respectively by 4, and
Jx the induced map on the first homology groups. Note that

ker(i,) ~H1(0 | ) C\D)~ € Hi(a(C\ D)) cHi(C\D).
Celrr(C) Celrr(C)

Definition 2.20. The indeterminacy subgroup with respect to C, denoted by Je, is the subgroup of
H;(CP? \ D) defined as the image of Dccrre) Hi (9(C\ D)) by ji.

Let T'(C U D) be the incidence graph of the irreducible components of C U D defined similarly than
for line arrangements in Section 2.1. This graph can naturally be embedded in CUD. A cycle vy € T'(C)
is said to avoid D if its image by the inclusion I'(C) < I'(C U D) avoid any vertex (as well point-vertex
as component-vertex) associated to D. We denote by [4] the class in Hy(CP? \ D)/J¢ of the image of
a cycle vy € T(C) in C\ D C CP?\ D. We also denote by Z¢ the image of Dcctn(e) H1(C\ D) by ji,
composed with the projection map Hy (CP?\ D) — H;(CP?\ D)/ J.

Definition 2.21. The oriented linking of C with D along v, denoted by lky(C, D), is the coset of Z¢
in Hy(CP? \ D)/Jc with respect to [y]. In other words,

Ik, (C,D) = WZe C Hy(CP?\ D)/ e,

Note that the above formula is well-defined, i.e. lk,(C,D) does not depend on the choice of the
embedding of T'(C UD) in C UD. Furthermore, we have the following description of J¢.

Proposition 2.22. The indeterminacy subgroup Jc is spanned by the elements of the form:

Z Ip(b,d).mg,(q), forall P€CND and allbe C(P),
deD(P)

where Ip(b,d) denotes the intersection multiplicity of the local branches b and d at P, and Mgp(d) S

given by a meridian of the irreducible component Sp(d) of D containing d.
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As a consequence of Proposition 2.22, the group H; (CP?\ D)/ J¢ is determined by the combinatorics
of the curve C UD. So we can use the linking invariant to compare the topology of curves with the
same combinatorics. Indeed, we have the following theorem, which implies that the linking invariant

is an invariant of the oriented topology of (CP%,C U D).

Theorem 2.23. Let ¢ be an orientation-preserving homeomorphism between two algebraic curves C; U
Dy and Co UDy. It induces an isomorphism ¢, between Hi(CP?\ D1)/Je, and Hy(CP2\ Dy)/Je,, and
for any cycle v1 € I'c, avoiding D1, we have

¢+ (Iky, (C1, D1)) = Ik (4,) (Ca, Da).

This linking invariant has been used to distinguish several Zariski pairs of algebraic plane curves.
In [46], it distinguishes the 3-Artal curves |5]. These curves are formed by a smooth cubic and 3
inflectional tangent lines, but also the quartic with 3 bitangents. Then, in [15], it classifies the topologies
of all the k-Artal curves. Finally, in [47], an equivalence between this linking invariant and the splitting
number introduced by Shirane in [77] is obtained. It allows us to prove that this linking invariant for
curves is not determined by the fundamental group of the complements. Indeed, it distinguishes the
Shimada’s curves, which are known to be mj-equivalent [76]. This property still holds for the Z-invariant

as shown in Corollary 5.17.

3. GLUING OF ARRANGEMENTS & MULTIPLICATIVITY THEOREM

Inspired by the idea of Rybnikov in [71, 72|, where he constructs the first known example of a
Zariski pair by gluing together two MacLane arrangements, we present in this section a multiplicativity
theorem for the Z-invariant under the gluing of two arrangements along a triangle. This result first
appears in [42]. It is then extended to the loop-linking invariant in [45]. In this context, it allows us
to distinguish the homeomorphism type of the complements of Rybnikov arrangements. This provides

a solution to a lighter version of Falk and Randell Problem 1.2 in [36]:

Problem. Find a general invariant of arrangement complements that distinguishes the two Rybnikov

arrangements, and generalize his construction.

3.1. Definitions & statement.
An inner-cyclic triple (A, §,~) is triangular if v contains exactly three line-vertices. Throughout all
this section, when we consider a triangular we assume that the line vertices of v are, vy, vg, and vy,.

Up to a relabelling, this is always possible.

Let Ay = {¢},..., 0L} and Ay = {£2,...,/2} be two ordered arrangements (the order is given by
the indices). A gluing of A; with Aj is a projective transformation ¢ such that

o ¢(() =11, (£3) = {3 and ¢(3) = 43,
e forallie {4,...,m}, p({?) ¢ A;.
The glued arrangement of A; with Ay associated with ¢ is the ordered arrangement!!:

A1A¢>A2 = {6%7 s 7€%L7 (ZS(K?L)? s 7¢(E$n)}7

ordered as in the set above. A gluing ¢ is genmeric if for any small perturbation ¢’ of ¢ which is
also a gluing, the arrangements A;A4As and A1 Ay A are combinatorially equivalent. In such case,

A1 Ay As is called a generic glued arrangement.

HNote that the gluing operation is not commutative for order arrangements.

17



The lines of A;AgAs are denoted by di, ..., dy, with K =n +m — 3, so that the order of A;AgAs
coincides with the indices. Their associated meridians in M(A1A¢A2) are denoted by my,...,my
respectively. The meridian of E{ in Hy(M(A;)) is denoted by mf Let & € HY(M(Ay)) and & €
H!(M(A3)) be two characters, and let ¢ be a gluing of A; with Ay. We define the glued character
§1A8 by:

H; (M(.A1 A¢A2)) — C*
m; — 1 fori e {1,2,3
SYASSE X . { ¥
m; —  &(my) ,forie{4,...,n}
m; — &(mi,,4) forie{n+1,...  k}

Note that by Condition (ICT1) in Definition 2.1, one has & (m}) = 1 and &(m?) = 1, for i € {1,2,3}.
So, for these three indices, one has & A&(m;) = & (m}) - &2(m?). When there is no ambiguity on
the arrangements A; and Ay (resp. on & and &) the glued arrangement A;A4As (resp. the glued
character £ A&) will be denoted by 24 (resp. X4).

Theorem 3.1. Let (Ay,&1,71) and (Az, &2,72) be two triangular inner-cyclic triples, and ¢ be a gluing
of Av with Ay. The triple (Ug, X, 1) is also a triangular inner-cyclic triple (where (1 is the cycle
supported by the lines di, do and ds). Furthermore, one has:

Z(Ap, Xy pt) = L(A1,&1,m) - Z(A2, &2, 72)-
Note that the gluing ¢ is not necessarily a generic gluing.

Idea of the proof. The set of conditions for (24, X, 1) to be a triangular inner-cyclic triple, is the union
of the sets of conditions for (Aj,&1,v1) and (Asg, &2,72) to be triangular inner-cyclic triples.

The multiplicativity relation comes from a similar fact, but with the expression of the Z-invariant
given in Theorem 2.9. Indeed, the linking ulk,(Bp_)) can be divided into two part the linking with
the lines of dy, ..., d, and with the lines d,1, ..., dx. O

3.2. Extended Rybnikov arrangements.

We consider the extended MacLane arrangements denoted by MLS introduced in [12]. They are
formed by the MacLane arrangements MLy with an additional line passing through two points of mul-
tiplicity 3 and one point of multiplicity 2. The combinatorics of the extended MacLane arrangements
is:

{1, 2} {1, €3} {1, 0a, U5, e}, {41, b7, L5, Lo}
C(Mﬁfl:) = {627 63} ) {627£4,€9} ) {£2a U5, ES} ) {627 ls, 67} ) {£37€4’ 67}
{€s, 05,9}, {ls, le, ls}, {a, s}, {5, L7}, { L6, Lo}

The two realizations MLS and ML® are given by the equations:

l1:2=0, ly:z—a’y=0, l3:x—ay=0, li:y—a®z2=0, l5:y—2z=0,

lbg:y—az=0, lr:x—2=0, lg:x—a’2=0, ly:z—az=0,

where a is a root of the 3rd cyclotomic polynomial X2+ X 41, i.e. a is a primitive third root of unity.
Consider v the cycle of Hy(I'(C(MLS))) with line-vertices vy, vy, and vy,. In addition, let £ €
HY(M(MLS)) defined by:

6 : (617 LI 769) — (17 17 ]-7 ga Ca C7 <27 <27 C2)7
where ¢ € C* is a primitive third root of unity.
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Proposition 3.2. The triples (ML, €,7v) are triangular inner-cyclic triples. Furthermore, one has:
I(MLLE7) =¢ and T(MLE,Ey) =2

This proposition implies that there is no order and oriented preserving homeomorphism between the
complements of the extended MacLane arrangements. Nevertheless, the complex conjugation implies

a non-orientation preserving homeomorphism.

In his paper [71, 72|, Rybnikov introduces four arrangements constructed by gluing together two
MacLane arrangements. Let us define, similarly, the extended Rybnikov arrangements'? RE 4 and
¢+ Let o7 (resp. ¢7) be a generic gluing of MLS with MLS (resp. with ML ). One set:

G = MLEAGE ML
Their complex conjugates are denoted by R .

Theorem 3.3. The four triples (RS ,§AE, ) and (RS +,EAE, ) are triangular inner-cyclic. Fur-

thermore, one has:

I(R;i’ﬁﬁfﬁ) = (il and I(Ri,:pfﬁf,’y) - 1.
Corollary 3.4. There is no order-preserving homeomorphism between M (RS 1) and M(RS ;).

Using a strategy similar to Section 2.3, it is possible to add two lines to the extended Rybnikov
arrangements and obtain a combinatorics with a trivial automorphism group. As non-ordered arrange-
ments, there will be no homeomorphism between their complements.

One can generalize the previous construction as follows. Let A be an arrangement, and A be its

complex conjugate. We denote by 24 (resp. 2_) the generic glued arrangement of A with itself (resp.
).

Theorem 3.5. If (A,&,7) is a triangular inner-cyclic arrangement such that Z(A,&,v) is not real,
then there is no order-preserving homeomorphism between M (20y) and M ().
If, in addition, the automorphism group of C(A) is trivial, then, as non-ordered arrangements, there

s no homeomorphism between the complements of A and A_.

As announced in the introduction of this section, the previous Theorem provides a solution to Falk
and Randell Problem 1.2 in [36].

4. CONFIGURATIONS OF POINTS & TOPOLOGY OF THEIR DUAL ARRANGEMENTS

The results presented in this section provide a positive answer to Question 2.7. To reach this goal,
we developed a diagrammatic version of the Z-invariant in the particular case of complexified real
arrangements [48|. The Zariski pairs obtained here are the first ones with rational coefficients, but
also whose topologies are distinguished without computer assistance. Furthermore, the connected
components of their moduli spaces can be geometrically characterized. To our knowledge, that was

also the first time that such a phenomenon was observed.

127pe gluing performed by Rybnikov is slightly different from ours. Indeed, he glued the two MacLane arrangements
along three concurrent lines, while we are gluing the extended MacLane arrangements along three lines in generic position.

In particular, this implies that Rybnikov arrangements are not subarrangements of the extended Rybnikov ones.
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4.1. Configurations of real points.
For P, Q points in RP?, we denote by (P, Q) the line passing through P and Q.

Definition 4.1. A (¢, m)-configuration K is the data (V, S, £, pl) composed of two finite sets of points
V={W,....,Vi}and S = {S1,...,S,} of RP? the finite set of lines £L = {(S,V) | S €S,V €V} in
RP? and a map pl: VUS — Z/mZ with V = pl~*(0), such that:

(K1) for any V;,V; € V: SN (V;,V;) =0,

(K2) for any line L e £: > pl(S)=0.
SeLnS

The points in V (resp. in S) are called the vertices (resp. surrounding-points) of K. The map pl is

called the m-plumbing of the configuration.

A (t,m)-configuration K = (V,S,L,pl) is called planar if the projective subspace generated by
the vertices V is the whole RP?, i.e. there exists three non-collinear points in V. It is uniform if its
plumbing map pl is constant on S, i.e. there exists an element ¢ € Z/mZ such that pl(S) = {¢}. Note

that any (t,2)-configuration is necessarily uniform.

Example 4.2. Examples of (3,2), (3,m) and (4,2)-configurations are given in Figure (3). Remark
that the dashed lines in the figures are not elements of £, but they take an important role in our

setting, as we show in Section 4.3.

In a similar manner as for arrangement, one can define the combinatorics of a (¢, m)-configuration

using non-trivial collinearity between points.

Definition 4.3. The combinatorics of a (t, m)-configuration K = (V, S, L, pl) is the collection of all

triples of collinear points in YV U S.

To simplify the notation and to fit with the one of arrangements, if k& > 4 different points P, ..., Py in
VUS are collinear, we write the set { Py, ..., Py} instead of all the triples contained in {Pi, ..., P;}. We
say that two (¢, m)-configurations K1 = (V1,S1, L1,pl;) and Ko = (Va2, 82, L2, ply) are combinatorially
equivalent if there exists a one-to-one correspondence between the sets V; U Sy and Vs, U Ss respecting

collinearity relations.

Example 4.4. The combinatorics of the (3,2)-configuration of Figure (3)-(A) is given by
{ {Vla Sl> S4}a {‘/17 S?a 53}7 {‘/27 Sla S3}a {‘/'2’ 52; 54}7 {‘/37 Sla 52}7 {‘/37 537 54} }

Remark 4.5. The combinatorics of a (¢, m)-configuration is not invariant by isotopy. It is possible to

create an extra alignment of points during a deformation, see Section 4.5.

Definition 4.6. Let K = (V, S, L, pl) be a (¢, m)-configuration, and let C(K) be the combinatorics of
K.

e An automorphism of C(K) is a permutation ¢ of the set VUS which preserves C(K). The group
of such permutations is called the automorphism group of C(K) and is denoted by Aut(C(K)).

e An automorphism of C(K) is stabilizing if ¢(V) =V (equivalently, if ¢(S) = S). The subgroup
of stabilizing automorphisms is denoted by Aut5P(C(K)).

e The configuration K is stable if Aut(C(K)) = Aut>*P(C(K)).

Example 4.7. The (3,2)-configuration pictured in Figure (3) (A) is stable, while the Pappus (3, m)-
configuration in Figure (3) (D) is not.
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pl : (517' o 756) — (Ca _Q>C7 _C7Ca _C)

(B) Non-uniform, non-planar
(3, m)-configuration (¢ € Z/mZ).

(A) Uniform (3,2)-configuration.

Va

S3 Sy
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Sy
V3

Se

S5

pl : (517 .. 756) — (C? _C7 ga _C7 _47 C)
(D) Pappus (3, m)-configuration ({ € Z/mZ).

(C) Uniform (4, 2)-configuration.

FIGURE 3. Examples of (¢, m)-configurations

4.2. Dual arrangements.

Consider RP” the dual projective space form by the lines of RP2. It is naturally isomorphic to the
set of R-linear forms in R3 modulo non-zero scalars. This duality between RP? and RP” respects the
incidence relations, i.e. P € £ if and only if £* € P*. Note that, for any point P and any line ¢, we
have (P*)* = P and (¢*)* = £. To simplify the notation, if P is a point of RP?, we denoted by P*® the
complex line of CP? defined by P* ® C. For any set of points P in RP?, we denote be A” the dual
arrangement defined by {P* | VP € P}.

Definition 4.8. Let £ = (V, S, L,pl) be a (t, m)-configuration.

(1) The dual arrangement associated to K is the line arrangement AYS.
(2) The dual character of the plumbing pl is a torsion character P! of A which assigns 1 to any
line of AY and exp (2mi pl(S)/m) to S® € AS.

Remark 4.9. By construction, the dual arrangement A* of any (¢, m)-configuration K is a complexified

real arrangement.
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Proposition 4.10. A quadruple K = (V,S,L,pl) is a planar (3, m)-configuration if and only if
(AR €PL ) is a triangular inner-cyclic triple, where « is a generator of v € Hy(T'(AY)).

In other words, (3, m)-configurations are dual of triangular inner-cyclic triples.

Idea of the proof. The arrangement AX and the character £€P! are the dual of the set of points VU S
and of the map pl respectively. Then Conditions (K1) and (K2) in Definition 4.1 correspond to
Conditions (ICT1) and (ICT2) in Definition 2.1 respectively, in the particular case of triangular inner-
cyclic triple. (Il

4.3. The chamber weight of configurations.
Proposition 4.10 gives a combinatorial equivalence between planar (3, m)-configurations and trian-
gular inner-cyclic arrangements. We aim to pursue this analogy. To reach this goal, we introduce the

chamber weight of a (3, m)-configuration, which is the dual version of the Z-invariant.

Let K = (W, S, L,pl) be a planar (3, m)-configuration. The lines (V1,V2), (Va, V3) and (V3, V1) divide

RP? in 4 chambers, noted chy, ..., chy. For any chamber ch;, we define the value
n(K)= Y_ pl(S) € zZ/mZ.
SeSNch;

Proposition 4.11. The value 7;(K) is independent of i, i.e. 7;(K) = 7;(K) for all i,j € {1,2,3,4}.

Moreover, it takes values over {[0], [%]} C Z/mZ if m is even, and it is zero if m is odd.
Definition 4.12. The chamber weight of K is

T(K)= > pl(S) € Z/mL.
SeSnch;
Remark 4.13. In the case of a (3,2)-configuration, 7(K) is the parity of the number of points of S

contained in a single chamber ch;.

Example 4.14. In Figure (3)-(A), we have one point S; in each chamber ch;. Since the configuration
is uniform and pl(S) C Z/2Z \ {0}, then the chamber weight is

Theorem 4.15. Let K1 and Ky be two planar (3, m)-configurations. Assume that there exists a home-
omorphism between M(AXY) and M(AX2) which respects fir orders on the associated arrangements.
One has that:

T(K1) = 7(K2).

Idea of the proof. By Proposition 4.10, we have an equivalence between a (3, m)-configuration K =
(V, S, L,pl) and the triangular inner-cyclic triple (A’C, ¢Pl ). Since AF is a complexified real arrange-
ment, then its braided wiring diagram can be given by the real picture. In particular, this implies that
any intermediate braid b; in the description (WD) is trivial.

Let denote by Dy, Dy and D3 the three lines of AY, and assume that D; is the line at infinity. So
that we can consider the affine picture of A*\ {D1}. By Theorem 2.9, one has that

Z(AS, &P, y) = &P (ulkp, B(p—p,) — ulkp, Bp_p,)):

where P = D3N Ds. It appears that ulkp, B(p_,p,) —ulkp, B(p_,p,) is the sum of the meridians of the
lines D € AS such that the slope of their affine images in RP? \ D; is upper and lower bounded by the
slopes of Dy and D3, and the intersection D N Dy is contained in the half plan {(x,y) € R? |z < zp},

where xp is the first coordinate of P in R2.
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From the configuration’s perspective, the two conditions above are similar. Let ¢; be one of the
two cones in RP? formed by (V;,V;) and (V;, V), with {i,j,k} = {1,2,3}. The first and the second
conditions are equivalent to D* € ¢; and D* € c3, respectively. This corresponds to the fact that the
dual point of D is in a fixed chamber 7;, see Figure (4).

From the definition of the chamber weight, we obtain that:

—m

Z(A", €9, 7) = exp(——7(K)).
The result follows from Theorem 2.3. O
Va
€3 (%]
Vi V3

FIGURE 4. Intersection of two cones.

The preceding theorem can be enhanced by eliminating the ordered assumption. It is achieved if
the value of the chamber weight is invariant under any automorphism of the combinatorics. While we
might assume that the only automorphism of the combinatorics is the identity, it suffices to rely on a

milder assumption: the stability of the configuration.

Corollary 4.16. Let K be a stable planar uniform (3, m)-configuration, and consider A* as a non-

ordered arrangement. The chamber weight T(KC) is an invariant of the homeomorphism type of M(AX).

4.4. A Zariski pair of complexified real arrangements.
We construct four (3,2)-configurations Ky 1,K1 —1,K_11 and K_; _; which are combinatorially
equivalent and verify that 7(Cy,g) # 7(Cw p) if a8 # o/5’. Using Theorem 4.15 or Corollary 4.16, we

conclude that the associated dual arrangements have non-homeomorphic complements.

For any o, 8 € {—1,1}, let Ko g = (V, Sa.8, Lo, Pl) be four uniform (3,2)-configurations defined by
the following data

V= {Vi,V5,Vs}, Sap={S, .., S} U{Sg, S5, S U{SE, 85, S0},
where
Vi=(0:1:0), Va=(1:0:0), V5=(0:0:1),
Sp=(1:1:1), Soy=(4:4:1), S3=(-1:8:2), Sy=(8:-1:2),
S¢=(-1:8:4a), S§=(-1:4a:2), S¢=(—a:4:4),
S§=(8:-1:48), S5 =(48:-1:2), Sp=(4:-F:4).

Note that, for any «, f € {—1,1}, each line of £, g contains exactly two surrounding-points. This
is compatible with the 2-plumbing

pl(V)=0€Z/2Z, VYV eV and pl(S)=1€Z/2Z, VSe 806”3.
These four (3,2)-configurations are plotted'® in Figure (5).
1376 have clearer pictures, they are not plotted to scale but up to deformation respecting the combinatorics.
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Vi Vi

V3 Va V3 Vo

/|

(A) The (3,2)-configuration Ky 1. (B) The (3,2)-configuration Iy _;.
Vi Vi
\
Vs Va V3 Vi
(C) The (3,2)-configuration K_q ;. (D) The (3, 2)-configuration K_; _;.

FiGure 5. The (3,2)-configurations K, g. In black, the common points V, S and their
lines. In color, the points and lines corresponding to each configuration for a = 1,
a=-1,8=1,

Proposition 4.17. For any o, 3 € {—1,1}, the configuration K. is stable and has the following

combinatorics

{‘/1551751,80 ) {‘/175'275'4}5 {‘/178375(?}7 {‘/1755(178’?}) {‘/17557S5}
{‘/2,5175'(71}7 {‘/27527‘93}7 {‘/27‘94755}7 {‘/27‘95?783}7 {‘/2758675{30
{V5, 51,95}, {Vs, 95,58}, {Vs,8, 55}, {Vs, 5,58}, {V5, 55,55}

For any o, 8 € {—1,1}, we denote by A, g the dual arrangement of the (3,2)-configuration K, g.
Recall that, from Proposition 4.17, Ay 1, A1 -1, A—11, A_1 _1 are combinatorially equivalent.
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Theorem 4.18. Let a,a/,3,8 € {—1,1} be such that a8 # o' and consider the arrangements
Ao g and Ay g as non-ordered arrangements. There is no homeomorphism between M (A, ) and
M(Aa”ﬁ/),

Proof. According to Corollary 4.16, it is sufficient to determine the parity of the number of surrounding-
points in a chamber of the associated (3,2)-configuration. If we choose the bounded chambers in

Figure (6), then one has:
T(Ki) =2 =[0], 7(Ki—1)=0]=1[], 7(K_11)=[8]=[1] and 7(K_1—1)=[4=[0]. O

Corollary 4.19. For any o, f,d/, 8" € {—1,1} such that a8 # o', the non-ordered arrangements
Ao p and Ay g form a Zariski pair.

It is worth pointing out again that the above result provides the first example of Zarigki pair of line

arrangements defined by rational coefficients and for which computer assistance isn’t needed.

4.5. A degeneration with 2 points of multiplicity 5.

The moduli space of the previous examples is 3-dimensional. Indeed, if we fix by the action of
PGL3(C), the points Vi, Vo, V3 and S7, then the points Sa, S5 and Sy have each 1 degree of freedom.
It appears that moving the points S3 and Sy4 to specific limit cases, we can create two alignments of
5 points: V7,571, 53, 5§, Slﬁo in a first time, and V5, S1, 54, S%, 596 in a second one. The configurations
then obtained are pictured in Figure (6), for (o, 5) = (1,1) and (o, 8) = (1, —1). They are defined by
/CQ”B = (VQ,Si/B,Ciﬁ,pl), where V2 =V = {1, V4, V3}, with

Vi=(0:1:0), Vo=(1:0:0), Vag=(0:0:1),
and S2 5 = {S1, 82, 85, S4} U {5¢, 5¢, 5¢ 0 {84, 57, 57, } with
Si=(1:1:1), So=(4:4:1), Sz3=(1:4:1), Ss=(4:1:1),
Sg=(1:4:2a), Sg=(1:2a:1), S¥=(a:2:2),
SP=(4:1:28), SF=(28:1:1), S&=(2:8:2).
Remark 4.20. It is possible to move only one of the points S3 and Sy and create a unique alignment
of 5 points. This construction is done in [48, Section 3.1]. The exponent 2 in the notation notifies the

presence of the 2 alignments of 5 points. We decided to present this deformation due to additional

properties on their fundamental groups that we explore in Section 5.1.

Proposition 4.21. For any o, 5 € {—1,1}, the (3,2)-configuration lCi,B 1s stable and has the following
combinatorics
{‘/175175375875160 ) {VYhSQvSZl}; {‘/17‘9?75(71}7 {Vlasgﬁvsgﬁ}
{Va, 51,84, 52, 55}, {Va, 82, S5}, {V, 5,58}, {Va, 8§, S
{Va, 81,82}, {V5, 85,58}, {Va, 84,80}, {Va, 8¢, 52}, {Va, 85,50

We denote by Aiﬁ the respective dual arrangements of ICiﬂ. By a computation of the chamber

weight 7 for these four configurations, we obtain the following theorem.

Theorem 4.22. Let o, 3,0/, 3" € {—1,1} be such that a8 # o/ B, and consider the arrangements A% 5
and Ai',ﬁ’ as non-ordered. There is no homeomorphism between M(Aiﬁ) and M(Ai,’ﬁ,).

As a consequence, A7 5 and A7, 5 form a Zariski pair.

25



Vi Vi

//

F1GURE 6. The (3,2)-configurations lCil and lCi_l, as well as the conic joining the six
points S3, Sy, S;, S;“, S;, Sf{]. In black, the common points V2, S? and their lines. In

color, the points and lines corresponding to each configuration foraa =1, 3 =1,

4.6. Moduli spaces & geometrical characterizations.

In this section, we are interested in the moduli space of realizations of the Zariski pair given by
.Aglﬁ, presented in Section 4.5. In particular, in the spirit of Zariski in [88, 89, 90| (singular points on
a conic) or of Artal in [5] (collinear points), geometric characterizations of the connected components

of the moduli space are obtained.

4.6.1. Moduli space of Ai,ﬁ'

To describe an element of the moduli space, which is a class of arrangements projectively equivalent,
one can give a representative of this class where four lines in generic position are fixed using the action
of PGL3(C). In the following theorem, the fixed lines are ¢1, {9, ¢35 and ¢4. To lighten the notation,
the moduli space M(C(Ai’ﬁ)) is denoted by M?, since it is independent of o and f.

Theorem 4.23. The moduli space Moy of Ai,,@’ is formed by the arrangements composed of the lines
bi:y=0, lo:2=0, fl3:2=0, ly:x+y+2=0,
bs vz +yy+2=0, lsg:z+yy+2=0, lr:yvr+y+2z=0,
fg:ﬁ;1$+/€1y+220, lby:x+Kr1y+2=0, Zlozﬁf1x+y+z:0,
511:m2m+n;1y+220, lig:kox +y+2=0, 613:x+n51y+z:0.

where k3 = k3 = v € C* satisfying k3, K3 # 1, k1ky # 1 and:

(1) Z'flﬁ:/ﬁg.' (2) if/ﬂ:—/ig.'

262 + K1+ 1#0, K} + K2+ 1£0,
263 +2Kk1 + 1 #0, K — K3 —14#0,
k1 # —1/2, 262 +1#0,
K3+ 3K2 +2K1 +1#£0, K3+ K1 —14#0,
K+ 2653+ k1 +1#£0; K} + k1 +1#0.

Corollary 4.24. There is no arithmetic Zariski pair with the combinatorics C(A2 5).
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Even if there are no Galois-conjugated realizations, we observe a Rybnikov-like construction. As
explained in Section 3.2, Rybnikov arrangements are constructed by gluing two MacLane arrangements.
We then obtain four arrangements Ry + = MLy UMLy and R4 + = MLy UMLF, where MLy
are the MacLane arrangements [56]. The complex conjugation acts naturally on the equations of these
arrangements. When this action is applied on all the lines it sends R+ + and R4 + on Ry + and R+ 4,
respectively. Nevertheless, one can also consider a partial action of the complex conjugation on the
second copy of the MacLane arrangements. This action sends R+ 4+ and R+ + on R4 + and Ry 4,
respectively. One qualifies such arrangements semi-arithmetic pair.

Using Theorem 4.23 for v = 2, we can show that there exist arrangements in My which form such
a semi-arithmetic pair. Indeed, if v = 2, then k2 = k3 = 2 and so the arrangements associated have
equations defined over Q(v/2). More precisely, when x; = v/2, one can consider the two arrangements

A 5 and A_ 5 of My defined by the following equations:
by:y=0, ly:x=0, l3:2=0, l:x+y+2z=0,
lbs:204+2y+2=0, lg:x+2y+2=0, l;:2x+y+2=0,
lg:x+2y+V22=0, ly:z+V2y+1=0, fl1o:V2x+2y+2z=0,

611:2x+yi\@z:o, Elgzi\@aj—i—y—l—z:O, 613:2xi\/§y+22:o.

Consider the Galois action of Q(\/?) When it is applied only on the line #11, £12 and £13, it sends A\/E

on A_ 5, and we obtain that these arrangements form a semi-arithmetic pair.

Remark 4.25. The arrangements A, g defined in Section 4.4 also admit a similar Rybnikov-like con-

struction, and so, a semi-arithmetic structure.

4.6.2. Topology of the moduli space.
From Theorem 4.23, we can obtain additional results on the topology of the moduli space. In the

first place, we compute the number of connected components of the space.

Proposition 4.26. The moduli space My is formed by two connected components M3 and M. The

first is characterized by the relation k1 = ko, and the second by k1 = —Ko.

The previous result implies that Ail and A2_1,_1 (resp. A2_171 and A%,—1) are path-connected in Mo,
so by Randell Isotopy Theorem [70] they have the same topology. In addition, these two connected
components are geometrically characterized. Let us denote by F; ;. the singular point defined as

the intersection of the lines ¢;,,...,4;, .

Proposition 4.27. For any arrangement A € Mo, the following are equivalent:
(1) Ae MS.
(2) The siz lines lg, U7, s, 10,011, 13 are tangent to a smooth conic.
(3) The siz If’l"’iple pOintS P17871(), P1711712, P278’9, P2711712, P37971() and P3712713 are contained in a
smooth conic.

(4) The three triple points P 1112, Pagg and P3 45 are collinear.

Remark 4.28. It can be checked that the characterizations given in Proposition 4.27 are not the only
one of M.
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by Lo lg by L3 ls Ly lg 01013
(A) A representative of M$ and the conics. (B) A representative of M.

FiGURE 7. Real representatives of the two connected components of Mo, considering

£4 as the line at the infinity.

5. FUNDAMENTAL GROUP OF LINE ARRANGEMENTS

The fundamental group of the complement is a classical topological invariant of line arrangements.
It has been known since Rybnikov |71, 72, 8] that it is not combinatorially determined. In this section,
we present a complexified real pair of arrangements with non-isomorphic fundamental groups. They
have been distinguished using the torsion of their Lower Central Series quotients. This solves at once
the Falk and Randell Problem 1.3 in [36], and the Question 8.7 of Suciu in [78]:

Problem (Falk and Randell [36]). Prove that the underlying matroid of a complezified arrangement

determines the homotopy type, or find a counter-example.

Question (Suciu [78]). Let G(A) be an arrangement group. Is the torsion in gr;, G(A) combinatorially

determined?

Then, on the other side of the spectrum, we construct examples of combinatorially and homotopy-
equivalent arrangements with non-homeomorphic complements. This result first appears in [43] as
the existence of homotopy-equivalent Zariski pairs. It is improved to non-homeomorphic complements
in [45] using the multiplicativity theorem of the loop-linking number. This result completes the works
of Falk [32], and Jiang and Yau [51, 53| on the relation between the homotopy of M(A) and the

combinatorics of the arrangement.

5.1. Complexified real arrangements & Fundamental group.

Asg a first step in the study of the fundamental group of complexified real arrangements, we need
to compute G(A) = m1(M(A)). In such case, Randell [68, 69] gives an algorithm to compute a finite
presentation of G(A) from the real picture of the arrangement, see also [73]. This has been generalized

by Arvola in [14] to any complex line arrangement.

5.1.1. Computation of the fundamental group.
Throughout this section, we assume that A = {{p, ..., #,} is a complexified real arrangement!'*. Let

us recall how to compute the presentation of G(A) given by Randell. We assume that ¢ is the line

14The choice to start the indices at 0 and not 1 as above allows to take £ as the line at infinity and consider the

affine part of A and to have line labeled from 1 to n.
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z = 0 and is considered as the line at infinity. Let AR = ANR? be the real picture of A. By an abuse
of notation, the affine real trace of ¢; € A is also denoted by ¢;. Last, we assume that no line of A
has a defining equation of the form = = a. Assign to each line ¢; of AR a meridian m; contained in a
complex line defined by x = 8 with 8 € R, such that the first coordinate of each singular point of A
is strictly greater than 5.

Reading the picture AR from the negative part of the first coordinate of R? to its positive part'®,
we assign to each smooth part in AR, i.e. the segments bounded by the singularities, a conjugate of

the meridian of the associated line. This process is described in Figure (8).

w1 (W wp1) * wp = wy
— w
w2 (wl CWpg) KWyl = wgfl
We_1 w1 * Wo
we w1

FI1GURE 8. Assignment of meridians at each singularity.

Finally, to each singular point P € Sing(A®) with input elements wy, ..., w, associated to the left-

hand segments (as in Figure (8)), we assign the set of m(P) — 1 relations.
Rp ={w1 -+ wp = ws(1) " We(y) | 0 a cyclic permutation of £ elements}

Remark 5.1. This method works even if there are vertical lines; by a small rotation, e.g. counterclock-
wise, one can assume that the vertical line is the first one. Examples for double and triple points are
given in Figure (9).
w1 w1
wo (Wiwo) * w3 = w3
w2 wo
w = wys
w1 3 w1 W1 * We = Wh

FIGURE 9. Assignments of meridians with vertical lines.

Theorem 5.2 (Randell [68, 69]). Let A be a complexified real arrangement. The fundamental group
of the complement M(A) admits the following presentation:

G(A)f:<m1,...,mn U Rp>.
(AF)

PeSing

5.1.2. Lower central series quotients.

The lower central series (LCS) of a group G is defined as a descending sequence of normal subgroups
G=7(G)E7(G) > (G-

such that each 7441(G) is the commutator subgroup [vx(G), G| of G. The kth lower central quotient
of this series is defined as the group gri(G) = Y (G)/vk+1(G). Note that gr,(G) is Abelian since
Ve (G), 7(G)] < Yikt1(G). In addition, if G is finitely generated, then so gr,(G) is. Thus, gri(G) is
fully determined by its rank, noted ¢x(G), and its torsion.

15T his direction of reading is taken from left to right in the different pictures of this manuscript.
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Remark 5.3. If G is a finitely presented group, then the GAP package nq can be used to compute the

lower central series quotients of G.

In the case of a group G(.A) associated to a line arrangement A, the possible dependency on the
combinatorics of the invariants of the LCS is a classical research topic. In [71, 72|, Rybnikov gives a
sketch of a proof of the combinatorial determination of the second nilpotent group G(.A)/v3(G(A)),
lately formally proved by Matei and Suciu [58]. Using Sullivan 1-minimal models, Falk proves that
also ¢r(G(A)) is combinatorially determined [31]. He also obtains with Randell [34], in the particular
case of fiber-type arrangements, the LCS formula:

[T~ )6 = par(a), o)

k>1
where P(M(A),t) is the Poincaré polynomial of the complement (see |67, Sec. 2|), which is known
to be combinatorial. Nevertheless, there exist examples of arrangements for which the LCS formula
fails [36, 78], and no general explicit formula is known for ¢r(G(A)), even for ¢3(G(A)).

5.1.3. Fundamental groups of complezified real arrangements are not combinatorially determined.

Let A 5 and A_ 5 be the two arrangements defined in Section 4.6.1. From Theorem 4.22, we
know that their complements M(A, ;) and M(A_ 5) are not isomorphic. Consider G(A 5) and
G(A_ s3) the fundamental groups of M (A ;) and M(A_ s5), respectively. Using the algorithm given
in Section 5.1.1 and Figure (7), we can compute that in G(A 5) and G(A__ 3), the torsion of the 4th
and 5th LCS quotients differs. Indeed, using the GAP code described in the Appendix of [13], we can
compute the primary decompositions of the five first lower central series quotients and then obtain the

following theorem.

Theorem 5.4. The first LCS quotients of G(A s5) and G(A_ ) have the following primary decom-
positions:

(1) for k <3, we have gry,(G(A s3)) ~ gri(G(A_ s3)) ~ Z9% with (¢r)3_, = (12,23, 76),

(2) gry(G(A ) ~ 2% & Ly and gry(G(A_ 5)) ~ L9, with ¢4 = 211,

(3) gr5(G(A3)) ~ 795 © 7o and gr5(G(A_ 53)) = 795, with ¢5 = 660.

Remark 5.5. We can show that the commutator of meridians [[[my, ms], ma], m3] is a representative of

the 2-torsion element in gr,(G(A,5)) (using GAP), while it corresponds to the identity in gr,(G(A_ s3)).

Corollary 5.6. The torsion in the quotients of the LCS of G(.A) is not determined by the combinatorics
C(A).

Remark 5.7. It can be verified that the LCS formula fails for these arrangements.

Corollary 5.8. The fundamental group of the complement of a complexified real arrangement A is not

determined by its combinatorics C(A).

Remark 5.9. Theorem 5.4 implies in particular that A 2 and A 2 have non-equivalent braid mon-

odromies.

5.2. Homotopy equivalent Zariski pairs.

In this section, we explore the other extremity of the range of Zariski pairs. Previously, we exhib-
ited a Zariski pair with non-isomorphic fundamental groups. Here, we give examples of 71-equivalent
Zariski pairs [43], but also Zariski pairs with homotopically-equivalent and non-homeomorphic com-
plements [43, 45]. These results take their inspiration from the intersection of the works of Ryb-
nikov [71, 71|, and Oka and Sakamoto [65]: the former for the construction of Zariski pairs using

gluing of arrangements, the latter for the control of the fundamental groups.
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5.2.1. Augmented arrangement and homotopy of the complement.

Let A = {l1,...,4,} be an ordered arrangement, and let ¢ be a fixed line of A. An augmented
arrangement of A along ¢ is an ordered arrangement A/ = {{1,...,0y, lni1,pi2} such that:

(A1) the lines ¢, £, 11 and £, 12 intersect a triple point of AZ,

(A2) the arrangements {11, ¢n12} and A\ {¢} intersect generically, i.e. one has

#Z({lni1, lny2}) N Z(AN{}) =2n — 2.

This construction permits to keep a control on the homotopy of the complement of the augmented

arrangement, as stated in the following theorem.

Theorem 5.10 ([65, 85]). Let A be an ordered arrangement and £,¢ be two lines of A. The arrange-

ments AZ and AZ are m1-equivalent. More precisely:
Wl(M(AZ)) ~m(M(A)) x Fy ~ m(M(.A;)).

Furthermore, if A is a complexified real arrangement, then the complement ofAZ and AZ are homotopy-

equivalent.

The first part of the previous theorem is due to Oka and Sakamoto in [65]. Notice that this can also
be obtained from [33] and [50]. Furthermore, since an augmented arrangement AZ is nothing else than
a 2-generic section of the parallel connection of the arrangement A with a pencil of 3 lines (see [33, 26]
for more details about parallel connections), then the second part of the theorem is given by Williams
in [85].

5.2.2. Homotopy-equivalent and m1-equivalent Zariski pairs.
Let Ay = {¢},..., 0L} and Ay = {¢2,..., 2} be two ordered arrangements intersecting generically.
We denote the ordered arrangement'® A; LU Ay by Aj o where the order is given by:

(..t 22— (1,...,n+m).

st

Remark 5.11. The arrangements A; 2 and Az 1 are not the same ordered arrangement even if they are

the same non-ordered arrangement.

To prove our main result, let us recall the notion of connected arrangement introduced by Fan [37].
Let Sing~3(A) and Sing,(.A) be the subsets of Sing(.A) form respectively by the multiple points and the
double points of A. An arrangement A is connected if the set A>3 = Z(.A)\Sing,(.A) is path-connected.
Note that this property is combinatorial.

Theorem 5.12. Let Ay = {f1,..., 0L} and Ay = {£2,...,0%2} be a Zariski pair, ¢ be the ordered
isomorphism between their combinatorics, i.e. ¢(€}) = (2. We fix k € {1,...,n} and denote by {; the
line fi, for j € {1,2}. We assume that:

(C1) The arrangements Ay and As are connected,

(C2) They intersect generically,

(C3) For j € {1,2}, any line £ of A;j contains at least two multiple points, i.e. [£NSing>3(A;)| > 2.
The arrangements (./41,2)?1 and (.Azg)j2 verify the following properties:

(P1) They have isomorphic intersection lattices,
(P2) There is no homeomorphism of CP? sending (.,41,2);1 on (A2,1)?2,

16T his construction of an ordered union of arrangements is similar to the one make in Section 3.1, the only difference

is the genericity of the intersection.
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(P3) Their complements are w1 -equivalent; furthermore, if Ay and Ay are real-complezified arrange-

ments then the complements are homotopy-equivalent.

Remark 5.13. The conditions (C1) and (C3) are combinatorial; thus if they are verified by A; then
they are also verified by Ag; and, up to the action of PGL3(C), condition (C2) is always true.

Proof.
e (P1): The application ¢ : (A12);, = (Az,1);, defined below is an (ordered) isomorphism between

the intersection lattices.

511 — ﬁ%

2 1

¢+ . gi ? gi
lopt1 +—— Lopy1
lopyo +—— Lopyo

e (P2): We assume that there exists a homeomorphism 1+ of CP? sending (ALQ)Z on (A271)Z2. Con-
dition (C3) implies that ¥+ ({21, l2ni2}) = {lont1,lonio}. Thus, T is also a homeomorphism
between A; 2 and Ay ;. From Conditions (C1) and (C2), we deduce that 1" fixes or exchanges A;
and As. Finally, due to Condition (C3) and the definition of an augmented arrangement, we have that
Y+ (1) = fy. This implies that " sends A; and Ay, which is impossible since A; and Ay form a

Zariski pair.

e (P3): As non-ordered arrangements, A; 2 and Ay are the same arrangement. Thus, (ALQ)Z and
(.,4271)2; are two augmentations of the same arrangement along different lines. We conclude using
Theorem 5.10. O

The Zariski pairs given in [72, 41| verify Conditions (C1), (C2) and (C3) of Theorem 5.12. Fur-
thermore, the ones given in [7, 48] are complexified real Zariski pairs, and also verify the conditions of

Theorem 5.12. This allows to prove the following corollary.

Corollary 5.14. For a fixed combinatorics, the topology of an arrangement A is determined neither

by the fundamental group nor by the homotopy-type of its complement M(A).

5.2.3. Improvement with non-homeomorphic complements.

Using the multiplicativity Theorem for the Z-invariant (Theorem 3.1), one can improve Corol-
lary 5.14 and replace the topology of an arrangement A by the homeomorphism type of its complement
M (A). In Section 3.1, we introduce the notation A1 Ay A for the gluing of two arrangements according
to ¢. In this section, A1 AAs will denote any generic gluing of A; with Ay. Similarly to Remark 5.11,
as non-ordered arrangements A; AAs and AsAA; are the same, although they are different ordered
arrangements. In particular, they have isomorphic fundamental groups and equivalent non-ordered
combinatorics.

Let Ay = {¢},..., 0L} and Ay = {/3,...,/2} be two combinatorially equivalent arrangements, and
denote by C their combinatorics. Assume that there exist £ and  respectively a character on C and a

cycle of T'(C) such that (A1, &,v) and (Ag, £, 7) are triangular inner-cyclic triples!” which verify:

I(Alvgav) 7& I(A27§77)i1.

17Let us recall that according to the definition given in Section 3.1, the only line-vertices contained by « are v,;, v,
1 2

and ’Uéij;.
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Last, assume that the value of the Z-invariant is independent of the orders considered on A; and As.
In other words, A; and As form a Zariski pair distinguished by the Z-invariant. Such arrangements
are given in Section 2.3, and in Section 4.4 for the particular case of complexified real arrangements.
Let fix k € {4,...,n}. For j € {1,2}, we denote by ¢; the line Ei. Let ) = AlA(.Ag)Z and
Ay = AgA(Al)Z. By construction, 24; and 2(y are combinatorially equivalent. We denote by Id the
trivial character on (.Aj)z; which sends all the meridians on 1. Finally, let 1 be the cycle of 2(; which

contains as line-vertices only vy, , vy, and vy,. Using the multiplicativity Theorem 3.1, one has:

By Theorem 2.3, as non-ordered arrangements 21 and 2 have non-homeomorphism complements.
If A; and As verify Conditions (C1) and (C3), then using the same argument as in the proof of
Theorem 5.12 (P2), we obtain that Z(2;, {A1d, p) is also independent of the order of the combinatorics.
At the end, one has the following:

Theorem 5.15. The non-ordered arrangements Ay and Ay have the following properties:

(1) They are combinatorially equivalent.

(2) Their complements are non-homeomorphic.

(8) Their complements are w1 -equivalent.

(4) If A1 and Az are complezified real arrangements, then their complements are homotopically

equivalent.

As noticed above, the arrangements are given in Section 2.3, and in Section 4.4 for the particular

case of complexified real arrangements verify all the hypothesis. So one can deduce the following.

Corollary 5.16. For a fized combinatorics, the homeomorphism type of an arrangement complement

M(A) is determined neither by its fundamental group nor by its homotpy-type.

Corollary 5.17. The Z-invariant of an inner-cyclic triple (A, &,~) is not determined by the homotopy
type of the complement M (A).

5.2.4. Explicit examples with less lines.

One of the weakness of the previous construction is the number of lines needed to construct the
examples. The smallest example constructed contains 21 lines, and 25 lines for the complexified real
one. It appears that we decrease these numbers by considering an ordered Zariski pair which is not a
Zariski pair.

Consider the arrangements M* and N'* of 11 lines defined in Section 2.3. As we noticed in Re-
mark 2.12, there exists a projective transformation that realizes the automorphism of the combinatorics.
It cyclically permutes M™, N'", M~ and N ~. This implies that they have the same topology and so
they are mi-equivalent. Nevertheless, we proved that they form ordered Zariski pairs, as soon as the
two considered arrangements are not complex conjugated. In Section 2.3, we add a line to reduce the
automorphism group of the combinatorics to the trivial group. It is proven, in [11], that this makes
the fundamental groups non-isomorphic. In this section, we apply a different strategy to reduce the
automorphism group to the trivial one.

By Proposition 2.11, we know that the automorphism group of the combinatorics K1; is generated

by the permutation
o = (l1,02)(La, ls, L3, £10) ({5, L7, Lo, 11).
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The permutation o acts cyclically on 44, £, ls and f19. By taking an augmentation of M* and N+,
we can make combinatorially unique one of them, ¢, for example. This forces any homeomorphism

between the arrangements to respect the order, and that creates a contradiction.

Theorem 5.18. The arrangements (./\/li)zL and (./\/i)z:1 verify the following properties:
(1) They are combinatorially equivalent, and their automorphism group if isomorphic to Z/27 and
permutes the two lines f1o and {13.
(2) They are w1 -equivalent with fundamental group isomorphic to (M (M*))xFy ~ w1 (M (N*))x
Fs.

(8) As non-ordered arrangements, they have non-homeomorphic complements.

In other words, the arrangements (M)} and (N*)/ form mi-equivalent Zariski pair. Furthermore,
they have only 13 lines.

To construct a smaller homotopy-equivalent Zariski pair, we apply a similar argument as previously
to the example of Artal, Carmona, Cogolludo and Marco [7]. Unfortunately, using a single augmenta-
tion is not enough to fix all the automorphisms of the combinatorics as previously done. This problem
can be avoided by the application of two successive augmentations.

Let a be a root of X2 + X — 1, and consider the arrangements M and N formed by the 10 lines:

My:2=0, b x —vy,

My :x =0, ly:ax —y—az=0,
Ms:x—2=0, l3:ax —y+2=0,
My:x+ (a+1)z=0, ly:y—2=0,
Ms:z—(a+2)z=0, l5:y=0.

Theorem 5.19 (Remark 2.8 and Theorem 4.19 of [7]). The arrangements M and N form a homotopy-

equivalent ordered Zariski pair.

By [7, Lemmas 2.4 & 2.9], the automorphism group of the combinatorics of M (and N too) is

isomorphic to the subgroup of ¥5 (the symmetric group on 5 elements) generated by:
o1 =1(1,2,3,4,5) and o9 =(2,4,5,3).

More precisely, it is the semi-direct product of (o) and (o2).

The action of the generators o1 and o2 can be viewed geometrically as an action on the lines M;
and ¢; which is given by o; - M; = M, ;) and o0; - {; = £, ;). The idea is to trivialize this action
by taking augmentations of these arrangements. The subtlety of this case lies in the following fact:
if we combinatorially fix one of the line M; or ¢; with an augmentation, then there are still some
non-trivial automorphisms acting on M; and ¢;. So, to trivialize this action, we need to consider two
augmentations. The first fixes M; (and so /1), while the second fixes {5 (and so Ms).

Let 9)13“41755 (resp. mj\—h,fs) be the arrangement arising from two augmentations of M (resp. N),
along M; and f5. Furthermore, we can assume that the four added lines are defined by real linear
forms, in such way that ‘)ﬁfwl 7 and ‘ﬁ&l g5 are real-complexified arrangements. For example, we can
consider the arrangements ﬁﬁj\% o =M U{D1, Dy, D3, D4} and ‘ﬁ&l = NU{Dy, Dy, D3, Dy}, where

Di:z+y+2=0 and Dy:zx+y+22=0,
Ds:z+3y—52=0 and Dy:xz—3y—>5z=0.
These arrangements are well augmented arrangements of M and N since the lines My, D and Dy

(resp. ¢5, D3 and Dy) are concurrent; and Dy, Dy, D3 and Dy are generic with all the other lines.
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Theorem 5.20. The complexified real arrangements 97(}&1 ‘s and le i verify the following properties:

(1) The arrangements 9)?&1765 and mi\+41,€5 are combinatorially equivalent.
(2) There is no homeomorphism of CP? sending Dﬁj\% 05 O ‘ﬁ'&hgs.
(8) The complements of 9)2]\"'/[1765 and ‘ﬁ}hes are homotopy-equivalent.

Remark 5.21. The homeomorphism type of the arrangements M and N are not distinguished by
a linking invariant, so we cannot conclude here that the one of M (sm;h 4,) and of M (‘ﬁ&l ¢,) are
different.

6. COMBINATORIAL CLASSES OF ARRANGEMENTS WITH CONNECTED MODULI SPACES

One of the difficulties in the study of Zariski pairs is to construct explicit examples of combinatorics
with a non-connected moduli space so that two arrangements in distinct connected components may
have different topologies, this necessary condition comes from Randell Isotopy Theorem [70]. The
purpose of the following two sections will be to study the number of connected components of a moduli
space using combinatorial tools.

In this section, we explore combinatorial classes of arrangements with a connected moduli space.
The results presented here are in the continuation of the works of: Jiang and Yau |52] where they
present the class of nice arrangements, Wang and Yau [83] where they introduce the class of simple
arrangements, and Nazir and Yoshinaga [61] where they define the classes of inductively connected and
of C5 of simple type arrangements. In particular, we provide a solution to a question of Nazir and

Yoshinaga about the relation between all these classes, see [61, Introduction].

6.1. Type of an arrangement & naive dimension.
Let A = {l1,...,¢,} be an arrangement with order w. For i € {1,...,}, we define A; the subar-
rangement of A defined by A; = w™1({1,...,i}. Tt inherits from A a structure of order arrangement.

Counsider the following ascending chain of arrangements:

Ar={lL}CAC - CAC - CA =A, (AC)

=

We denote by 7;(A,w) (alternatively, 7(A,w,¥;) or 7; depending on the context) the cardinality of the
intersection #¢; N Sing(.A4;_1). Note that we also have:

n= Y (Pl-2 - Y (Ql-2).

PeC(A) QeC(Ai-1)
Definition 6.1. The type of an ordered arrangement (A,w) is the n-tuple defined as

T(Aw) = (11,...,m™) € N".

The ascending chain (AC) and the type are of combinatorial nature. So they can be defined over an
abstract line combinatorics C. By an extension of notation, we will also denote (C); € --- C (C), =C
and 7(C,w).

Example 6.2. Consider the arrangement A pictured in Figure (10) endowed with the order w induced
by the indices. Its type is 7(A,w) = (0,0,0,0,2,2,1, 3).

For two ordered arrangements (A,w) and (A’,w’) of n and n' lines respectively, and such that

AN A = (i.e. without common line, but not necessarily with generic intersection), one can define
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FIGURE 10. An arrangement with type 7(A,w) = (0,0,0,0,2,2,1,3).

the operation (AU A',w & w') producing an ordered arrangement of n + n’ lines with order:
woew: AuA — {1,...,n+n'}

w(f) if e A,

n+uwl) ifleA.

/ —

Remark 6.3. If A € Arr,, and A’ € Arr,, have no common lines, for any orders w and w’ on A and A’

respectively, one has that for any i € {1,...,n} and j € {1,...,n'}:
(A w) =rn(AUA  wd W) and 1A W) <7pi(AUA wB W),
Furthermore, for any other order @ on A, and for any j € {1,...,n'}, one has that:
Tatj(AUA wd W) =1y ;(ALA WD W).

Proposition 6.4. Let (A,w) be an ordered arrangement. The following equality holds:

n

Y e-m) =24 - Y (IP-2).

i=1 PeC(A)

The right-hand side of the equation in the preceding proposition can be seen as a preliminary attempt
to establish a combinatorial formula for the dimension of the realization space R(.A), despite its naive
nature. The part 2|.A| gives the number of required variables in the construction, while the sum over
P € C(A) corresponds to the restriction imposed by the singular points. Since the action of PGL3(C)

can fix four points in generic position, this induces a reduction of 8 to pass from the dimension of R(.A)
to the dimension of M(A).

Definition 6.5. Let A be a line arrangement. The naive dimension of the moduli space is:

A M(A) = 2[4 -8 - > (IP|-2).
PeC(A)
Remark 6.6. The naive dimension is fully determined by the combinatorics of A, so we can define it
on any abstract line combinatorics. Recall that in general the naive dimension is not equal to the

dimension of the moduli space, by Pappus’ hexagon theorem.
From |28, Remark 4.4], we have the following bound for the dimension of the moduli space.
Proposition 6.7. Let A be an arrangement. The following inequality holds:
d"ave M(A) < dime M(A).
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6.2. Inductively connected arrangement.
The results of this section are reformulation and refinement of those of Nazir and Yoshinaga [61].
First, using the notion of the type of an arrangement, we can reformulate the definition of inductively

connected arrangement.

Definition 6.8. An arrangement A is inductively connected if there exists an order w on A such that

max(7(A,w)) < 2.

Example 6.9. The arrangement A pictured in Figure (11) endowed with the order w induced by the
indices has type 7(A,w) = (0,0,0,0,2,2,1). So, it is inductively connected.

4y {3
4
7 t

Lo

&

U5

FIGURE 11. An inductively connected arrangement with type 7(A,w) = (0,0,0,0,2,2,1).

In the following, we will consider two particular families of line arrangements. Let n be a positive

natural number. We define:

e the family of arrangements formed by a pencil of n lines, denoted by X(n) C Arr,,
e the family of arrangements formed by a pencil of n — 1 lines and a unique generic line, denoted
by X(n) C Arry,.

x(4) x(4)

FIGURE 12. Example of arrangements in the X(4) and X(4).

Proposition 6.10. If A is an inductively connected arrangement such that A ¢ X(n) U X(n), then
M(A) is isomorphic to a Zariski open subset of a compler space of dimension d"¥V¢ M(A). As a

consequence, the moduli space M(A) is connected.

In a larger context, an explicit parametrization of M(A) as an open Zariski subset of an affine

complex space is provided in Theorem 7.4.
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Corollary 6.11. If A € Arr, is an inductively connected arrangement such that A ¢ X(n) U X(n),
then

dime M(A) =) (2 —7;) = A" M(A).
i=5

Remark 6.12. In the same spirit as [61, Lemma 3.2], let (A, w) and (A’,w’) be two ordered arrangements
such that (AU A, wa W) < 2forall i € {JA|+1,...,|A] + |A|}. If M(A) is irreducible, then
M(AU A is irreducible thus connected and it has dimension

A+ A

dime M(A U A") = dime M(A) + Z 2-n(ALA wow).
i=|A|+1

Note that the reciprocal is not true in general, as it is shown in the following example.

Example 6.13. In Section 4.5, we present a line combinatorics C of 13 lines with a moduli space
with two irreducible components of dimension 1. These components are geometrically characterized,
e.g. there are particular multiple points P;, P>, and P53 which are collinear in the first component, but
they are not in the second one (see Proposition 4.27). Consider the combinatorics C' constructed on
C by the addition of a line ¢14 passing through P, and P> but avoiding P;. By construction, one has
that 714(C") = 2 and M(C’) is irreducible.

6.3. Nice, simple and generalized simple arrangements.

In [52], the Jiang and Yau define the combinatorial class of nice arrangements, which is generalized
in [83] as the class of generalized simple arrangements. In the introduction of [61], Nazir and Yoshinaga
ask about the relation between these two combinatorial classes and the class of inductively connected
arrangements. The purpose of this section is to prove that any generalized simple arrangement is
actually inductively connected. First, let us recall the definition of generalized simple arrangements.

For any arrangement A, we define G(A) as the graph whose vertices vp are in one-to-one correspon-
dence with the multiple points P of A, i.e. the singular points whose multiplicity is at least 3; two
vertices vp and vg are joined by an edge if and only if the two corresponding points P and @ lie on

the same line of A. Associated with this graph, one may define the following notions:

e A star centered in vp, and denoted St(vp), is the subgraph of G(A) generated by vp and any

[¢]
neighbor vertex of vp. The open star St(vp) is the complex composed of vp and any adjacent

edge (without the neighbor vertices of vp).
o A reduced circle of G(A) is a tuple of (vy,...,v;) of vertices of G(A), such that for all i €
{1,...,k}, one has that (v;,v;11) is an edge of G(A) and v;_1 # v;41 (here the indices are
considered modulo k).
e A generalized free net based on a tuple (By, ..., By,) of reduced circles of G(A) (where By can
also be a single vertex), is the maximal subgraph Net(By,..., By,) of G(A) whose vertices are
at a distance of at most 1 from at least one of the circles B;, and such that
(N1) for all i € {0,...,m}, two vertices v and w of B; are connected by an edge if and only if
they are adjacent in B;,

(N2) foralli,j € {0,...,m—2} and two vertices v € B; and w € Bj, there does not exist z € By,
with £ > max(i, ) which verifies that (v, z) and (w, z) are both edges in Net(By, ..., Bn),

(N3) for all pair of vertices v, w € Net(By, ..., Bp), there does not exist z € G(A)\Net(By, ..., Bny)
which verifies that (v, z) and (w, z) are both edges in G(A),

(N4) for all i € {1,...,n}, there exists a vertex v € B; which is not connected by an edge to
any reduced circle B; with j < 4.
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The open net Net(By,..., By,) is the complex formed by the vertices of the B; and all the

edges of Net(By, ..., Bp), i.e. all the end vertices of the net are removed.

Definition 6.14. An arrangement A is generalized simple if there are stars St(v1),...,St(vg) and
generalized free nets Nety, ..., Net; which are pairwise disjoint in G(.A) and such that the graph

Q(.A) \ {St(?)l), RN St(?)k), Netq, ... 7Netl}
is a forest. When [ = 0, the arrangement A is nice, and it is simple when for all nets have m = 2.
Theorem 6.15. If A is a generalized simple arrangement, then A is inductively connected.

Idea of the proof. Using the combinatorial characterization of the generalized simple arrangements, we
construct an explicit order such that each 7; is lesser than 2. The highest lines correspond to those in

the forest, then come the one in the stars, and the smallest correspond to the edges in the nets. [l

6.4. Inductively rigid arrangements.
Following an antagonist approach to the case of inductively connected arrangements, we introduce

another combinatorial class of arrangements with connected moduli space.

Definition 6.16. An arrangement A € Arr, is inductively rigid if there exists an order w such that

for any arrangement A; in the ascending chain (AC), we have M(A;) = {A;}.

Note that if an arrangement A is inductively rigid, then any A; in the induced ordered chain (AC)
is also inductively rigid. As a consequence, any arrangement A with |A| < 3 is inductively rigid. In

addition, no arrangement in the classes X(n) and X(n + 1) is inductively rigid for n > 4.

Proposition 6.17. An arrangement A € Arr, is inductively rigid if and only if either n < 4 and
A ¢ X(4), orn>5 and there exists an order w on A such that:

(IR1) Ay is generic, i.e. for all i € {1,2,3,4}, we have that 7;(A,w) =0,

(IR2) for alli € {5,...,n}, we have that 7;(A,w) > 2.

As an important consequence of the previous proposition, we have that the class of inductively rigid

arrangements is combinatorial.

Example 6.18. Consider the arrangement B given in Figure (13), with order w induced by the line
numbering. It is inductively rigid since its type is 7(B,w) = (0,0,0,0,2,2,2,2,2,3). However, it is not
inductively connected since all the lines contain at least 3 multiple points. Furthermore, it is not Cs,

so it is neither C3 of simple type (see Section 6.5 for the definitions).

6.5. Arrangements with a rigid pencil form.

An arrangement A is C}, if k is the minimal integer such that there exists a subarrangement Dy C A
of k lines such that Sing3(A) is contained in Dy. Nazir and Yoshinaga proved that if an arrangement
is Cp, Cy or Cy then it is inductively connected, and so that its moduli space is connected, see [61,

Theorem. 3.11]. They also introduced the combinatorial class C5 of simple!® type.

Definition 6.19. An arrangement A of class C5 is of simple type if one of the following conditions
holds:

(i) the three lines of D3 are in generic position, and one of them contains a unique multiple point,

(ii) the three lines of D3 are concurrent.

18The term simple used here is not related to the one of Section 6.3.
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F1GURE 13. An inductively rigid arrangement which is neither inductively connected,

nor C5 of simple type.

Theorem 6.20 (|61, Theorem. 3.15|). If A is a C3 arrangement of simple type, then its moduli space
M(A) is connected.

We can generalize this class of arrangements, thereby freeing them from the constraint of being Cs.

Definition 6.21. An arrangement A has a rigid pencil form if it contains an inductively rigid subar-
rangement A" with a singular point Fy, such that for any multiple point P € Sing>3(A), one of the
following holds:

(1) P is a singular point of A’,

(2) the line (P, Py) is in A’.

Proposition 6.22. Any C3 arrangement of simple type has a rigid pencil form.
Theorem 6.23. If A has a rigid pencil form, then its moduli space M(A) is connected.

Idea of the proof. If A has a rigid pencil form then all its singular points are contained in a fixed pencil
or are in A’. This allows to express the moduli space as an open Zariski subset of the kernel of an affine
application with complex coefficients, as done in [61, Theorem 3.15]. As a consequence, the moduli

space is irreducible and so connected. O

Example 6.24. Consider the arrangement A € Arryg pictured in Figure (14) and defined by the
equations:
{2 =0, by :x—2=0, ls:y =0, by :y—2=0,
U5 :2z=0, bg: —x+y=0, brix+y—2z=0, by : —2x+4y —z=0,
by :2x —3y+2=0, l1g: —4x + 6y = 0.
Its combinatorics is given by:
{ela K?a £5} ) {617 637 667510} P {Ela 647 67} ) {617£8} 5 {gla 69} ) {£27 £37 67}
{2, 04,6, bo} , {la, s}, {la, lro} 5 { €3, a5}, {3, 03, lo} , {04, ls, C10}
{5, 06} , {45, 7} , {5, L8} , {05, Lo, L10} , { L6, L7, L} s {4, bo} s {47,410}

Let A" = {¢1,---¢7} be the subarrangement of A with combinatorics:
{{617£21 £5} ) {Zla £37 EG} ) {617 647 67} 5 {621 637 67} P {627 647 66} ) {637 54755} ) {657 EG} ) {£5a 67} ) {667 67}} .

Once again, if we consider the order w induced by the indices, we have 7(A’,w) = (0,0,0,0,2,2,2) and

thus A’ is an inductively rigid arrangement. Furthermore, all multiple points of A are contained in
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the three concurrent lines /3, ¢4 and /5, except for the point {/g, {7, {3} which contains the two lines ¢4
and ¢7 of A’. Thus, A has a rigid pencil form. By Theorem 6.23, we deduce that M(A) is connected.

It is worth noticing that all multiple points of A are also contained in the 4-pencil {¢1, ¢, lg,¢10}
or {la, 0y, ls,ly}. This implies that A is a Cy arrangement. Nevertheless, any of these two 4-pencils is

contained in an inductively rigid subarrangement of A. So A does not admit a rigid pencil form.
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F1GURE 14. An arrangement with rigid pencil form.

Remark 6.25. The statement of Theorem 6.23 still holds if the subarrangement A’ verifies that M(A’) =
{A'} instead of being inductively rigid. Nevertheless, one should notice that this is a geometric but

not combinatorial condition.

7. ON THE NUMBER OF CONNECTED COMPONENTS OF M(A)

We know since MacLane [56] that the moduli space of a line arrangement can be non-connected,
nevertheless, the behavior of the number of connected components has never been studied. The
objective of this section is to introduce a strategy to inductively build an upper bound on the number
of connected components of M(A). The foundation of this method is the class of inductively connected

arrangements introduced by Nazir and Yoshinaga [61], see also Definition 6.8.

7.1. Perturbations of a combinatorics.

Let A be an arrangement and P be a multiple point of Z(A). Assume that ¢ € A passes through
P, a small perturbation of £ near P modifies the combinatorics of A and transforms P into a singular
point P of multiplicity m(P) — 1. The following definition mimics this geometric perturbation at a

combinatorial level.

Definition 7.1. Let C = (£,P) be an abstract line combinatorics. Let Py € P be a fixed multiple
point of C and let £ € Py. An elementary perturbation of C at (¢, Py) is an abstract combinatorics
C = (£, P) such that:

(1) for all P € P, P # Py, one has P € P,
(2) Py=Py\ {¢}is in P.

Such a relation is denoted C < C. For any multiple point P € P, we call the parent of P in C the
unique element P € P such that either P = P or P = ]50_

41



Example 7.2. Let C = {{l1, 02, 03,04},{01,05},{l2,05},{¥3,05},{ls,05}} be the combinatorics of an
arrangement in X(5). The elementary perturbation of C at (Py,{y4), for Py = {{1, 02, 03,04}, is:

{{gla ly, 63}7 {Ela 64}7 {61’65}7 {62754}’ {627 65}) {837 55}7 {647 £5}7 {647&5}}7

and the parent of Py = {¢1,02,03,04} is {l1, 02,03}

Definition 7.3. A m-perturbation of C = (L£,P) is a sequence of m elementary perturbations such
that

Co<C<--<Cp=C,
and Cp is inductively connected with associated order wg. Since Cp and C have the same set of lines,

then wy is also an order on C, and it will be called the perturbation order. For any multiple point P in

P;, there is a unique chain of parents coming from each elementary perturbation:
P=PcPC---CP=P
The point P in Cy is called the ancestor of P.

For brevity’s sake, an m-perturbation Cp < C; < - -+ < C,, = C will be denoted by Cy << C. Since the
generic combinatorics is inductively connected, and since it can be obtained from any C by a sequence

of elementary perturbations, then any combinatorics C admits a m-perturbation for some m.

7.2. Parametrization of the moduli space.

The purpose of this section is to give a constructible proof of the following result.

Theorem 7.4. Let A € Arr, be an arrangement, with A ¢ X(n)UX(n), which admits a m-perturbation
Co << C(A), and denote dg = d"*V® M(Cy). There exists an open Zariski subset Wy of the affine space

of dimension dy and m polynomials A+, ..., Ay such that
M(A) ~{(v1,...,v4,) E Wp | A1 =--- =A,, =0}.

Remark that we may have that some of the A;’s are always trivial. It is, for example, the case in
Pappus arrangement. From the previous result, we can deduce the following corollary. The left-hand

inequality corresponds to the one of Proposition 6.7.

Corollary 7.5. Let A € Arr, be a line arrangement, with A ¢ X(n) U X(n). If C(A) admits a
m-perturbation, then

0 < dimg M(A) — d**° M(A) < m.

The strategy of the proof of Theorem 7.4 is the following. The goal is to express the moduli space
M(A) from the following data:

e An open Zariski subset Wy of an affine linear space, codifying the open conditions.

e A map V¥ over Wy which parametrizes the arrangements in Arr, verifying the Zariski-closed
conditions of M(Cp), e.g those of type A; ;1 = 0 with {£;,£;,¢;} C P for a multiple point P in
Co.

o A list Aq,..., Ay of m polynomials, i.e. the remaining Zariski-closed conditions coming from
multiple points P in C(.A) which are not in Cp, where each polynomial represents a step of the
m-perturbation Cy << C.

We start with the construction of an expression of the map ¥, then we give the polynomials Ay, ..., A,

and finally the existence of Wy is discussed.
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Remark 7.6. Let P = {{;,,...,¢;, } be a multiple point in C(A). One can reduce the set of Zariski-
closed conditions {A; ;=0 | {¢;, 4,4} C P} to its subset {A;, s, =0k =3,...,m}.

Let v = (v1,...,vq,) be a system of coordinates in Vp = C% . For each line ¢;, we associate three
polynomials a;, b;, ¢; € Clvg,...,vq4,] such that
Ui ai(v)z +bi(v)y + ci(v)z = 0.

In this way, one can define a map called parametrization of M(A):

ar(v) an(V)
UV:velWy— bi(v) |,y | ba(v) € (C*)™.
c1(v) (V)

In addition to ¥, one can construct another map ® that parametrize the singular points of the elements
in M(A) as follows. Let P be a multiple point in the combinatorics C(\A), and let P be the ancestor of

P in Cy. Take ¢; and ¢; the two lines in P which are minimal with respect to the order wy. We define
(I)p = (bz‘Cj — bjci, a;Cy — a;Cy, aibj — ajbl-) S (C[Ul, ce ,’Udo]3,

If an arrangement Ay € M(A) is given by ¥(v) then for any multiple point P of C(A), the vector
®p(v) € C3 express the homogeneous coordinates of P in CP?.

Let us describe in detail how the polynomials a;, b; and ¢; are inductively constructed. Since
A ¢ X(n)UX(n), one can assume that the perturbation order wq is such that the lines ¢1, 5, £3 and
¢4 are in generic position in both Cy and C(A). Using the action of PGL3(C), we fix them as x = 0,

x—2z=0,y=0and y — z =0, respectively. In other words, for all v € Vj, we define
U(v)1 =(1,0,0), ¥(v)2=(1,0,-1), ¥(v)3=(0,1,0), ¥(v)a=(0,1,-1).

It follows from its definition that the parametrization ® of the singular points of these four lines are

given for any v € 1§ by:

D) (V) = (0,1,0),  Pyg (V) = (0,0,1), Dy p(v) = (0,1,1),
Dy (V) = (1,0,1), Py, (v) = (1,1,1), Py (V) =(1,0,0).

where (¢;,,...,¢;, ) with £k > 2 is the unique point P in C(A) verifying that {¢;,,..., ¢, } C P, if it

exists.

The induction process goes as follows. Assume that the maps ¥ and ® parametrize A;_1 in the
chain (AC) with respect to the perturbation order wy. Note that the number of parameters used in this

i—1

parametrization is d; = Zj:5 (2 — 7j(Co,wp)). The next step is then to extend these parametrization

maps to A;. They are determined by the values 7;(Co, wp):
o If 7,(Co,wp) = 0, i.e. the line ¢; is generic in (Cp);. Since ¢; & (¢1,03) or £; & (¢1,43) in C(A),
we can parametrize ¢; using only two complex parameters vg, and vg, 41,
(’Udi, 17 Udr‘rl) if El ¢ <£1a €2>7
(1, va;,va41) if £ & (01, 03).

o If 7;(Co,wp) = 1, i.e. the line ¢; passes through a unique multiple point Py in (Cp);. Take ¢;

U(v); =

and £, the two lines in Py which are minimal with respect to the order wy. One defines:
U(v); =VU(v)j+vg - U (V).
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o If 7,(Cp,wp) = 2, i.e. the line ¢; passes through two multiple points Py and Qg in (Cp);. The

line ¢; is then parametrized by

U(v)i = P(py) (V) X g0 (V)

where “x” stands for the usual cross product.

The next step is to construct the polynomials Ay, ..., A,,. Assume that the ith elementary per-
turbation C;—1 < C; in Cy << C is at ({;, P) and let P be the parent of P in C;_1. Take two distinct
elements 0;,,¢;, € P and define:

Ai(v) =det (¥(v);, ¥(v)i, ¥(V)iy) € Clur, ..., vg)- (D)

It is worth noticing that another choice of ¢;,,¢;, € P will lead to an equivalent construction of M(A),
due to Remark 7.6.

The Zariski open subset Wy can be expressed similarly as
Wo = {v € C% | det (¥(v);, ¥(v);, U(v)g) #0, if AP in C(A) such that {£;,¢;,0x} C P}.

By hypothesis A € X(n) U X(n), so the above polynomial inequalities imply that ¢; # ¢;, for any
i£je{l,...,n}.

7.3. Inductive upper bound.

Using the description of the moduli space obtained in Theorem 7.4, we construct an upper bound
of the number of irreducible components of the moduli space. Since # CC(M(A)) < #Irr(M(A)),
e.g. |74, Sec. 7.2], this will also provide an upper-bound on the number of connected components.
When A is in X(n) or X(n), we know that its moduli space M(A) is irreducible and so connected.
Among this section, we assume that A & X(n) U X(n).

Let A = {/1,...,4,} be an arrangement with a m-perturbation Cy << C(A) = (A, P) and pertur-
bation order wy. Up to relabelling, we assume that wg(¢;) = 4, i.e. wp is the order induced by the
indices. Furthermore, we can also assume that ¢1, {2, ¢35 and ¢4 are in generic position in C(A). We
define recursively two applications A : A — N and © : P — N as follows.

(R1) For i € {1,2,3,4}, we fix A(f;) = 0.

(R2) For any P € C(Ay), we fix ©((P)) = 0.

(R3) For i € {5,...,n}, following the ideas of the proof in Section 7.2, the expression of A(¢;)

depends on the value 7;(Co, wp).
o If 7,(Co,wp) = 0, we fix
A(;) = 1.
o If 7;(Co,wp) = 1, i.e. the line ¢; passes through a unique singular point Py in (Cp);, we
define:
Al = { 1+ A(4) it A(ly) = A(G),
max(A(¢;), A(l)) otherwise.
where ¢; and /, are two lines in the parent of F.
o If 7,(Co,wp) = 2, i.e. the line ¢; passes through two singular points Py and Qg in (Cp);, we
define
A(t:) = O((Py)) + O((Qo)):
(R4) For i € {5,...,n} and for any double point P = {¢;,¢;} in (Cp);, we define

O((P)) = A(l:) + A(4)).
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Theorem 7.7. Let A be a line arrangement and assume that C(A) admits a m-perturbation Cy <<
C(A). The following inequality holds:

#CCM(A) < [T (AG) +Ats) + AL,)).
i=1
where Ci_1 < C; is the elementary perturbation at (¢;, P), and {;,, {;, are two lines contained in the

parent of P in Ci_q.

Proof. In Theorem 7.4, we obtain a description of M(A) as the intersection of at most m proper
algebraic hypersurfaces V; : A; = 0, defined in Equation (D). By [40, Ex. 8.3.6], this implies that
#Irr(M(A)) < [[%, deg A,.

Furthermore, the description of A and © given above ensures that:
deg Ai < A(ly) + A(liy) + A(ly). .

7.4. Sharpness of the upper bound.
By construction, the inequality in Theorem 7.7 becomes an equality for any inductively connected or
inductively rigid arrangement. So, the question is: "is this inequality still sharp in non-trivial cases?".
Let p be a prime number such that p > N. Fix a primitive p-root of unity ¢. Consider the
arrangement A, = {{1,...,lo,12} with lines:

biz—y=0, lyax—Cy=0, lyp1:x+C2=0 and floo:( 'y+2=0,
for i € {1,...,p}. The multiple points of A, are the two points of multiplicity p:

{03, 05, ..., lap1} and  {ly,Llg, ..., lopyo},

and the 2p triple points given by:

{01, L2i11, b2i2}  and  {f2,loit2, Lo 13}
for i € {1,...,p}, where [a] is the value of @ modulo 2p such that 0 < [a] < 2p.

Remark 7.8. The arrangement Ay corresponds to the Ceva arrangement, while the arrangements As
are the MacLane arrangements [56]. This family of arrangements appears in [18] in the context of

Zariski pairs as subarrangements of the reflection arrangements associated with G(N, N, 3).

Consider the elementary perturbation C(Ap) on C(A,) at (Copi2, {l2,03,lop42}). Let wo be the

following order on C(A,):

(01, ... lapio) — (5,6,1,2,3,4,7,8,...,(2p + 2)).

We have that 7(C(Ap),wo) = (0,0,0,0,2,1,2,2...,2,2). So C(A,) is inductively connected, and thus
it is a 1-perturbation of C(A,). Using the rules (R1)-(R2)-(R3)-(R4), we can compute that:

Ay (£, . lapya) —> (0,1,0,0,0,0,1,1,2,2,...,p— 2,p — 2).

By Theorem 7.7, we obtain that M(Ap) has at most Ap(f2)+Ap(43)+Ap(lopy2) = 1+0+(p—2) = p—1
connected components. On the other hand, the computation of the moduli space using Theorem 7.4
shows that the dimension is zero. Furthermore, it contains A, for any choice of primitive p-root of
unity ¢. It follows that # CC(M(Ap)) > p — 1. We can thus state the following theorem.
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Theorem 7.9. For any N € N>o, there exists an arrangement A such that # CC(M(A)) > N, and

#OCM(A) =TT (A) + Alliy) + Al)),
=1

(2

with the notation of Theorem 7.7.

8. PERSPECTIVES FOR FUTURE RESEARCH

In this section, we discuss topics and problems that will be studied in the future. We have answered
some old questions by Falk and Randell [36], or Suciu [78], or Nazir and Yoshinaga [61], but new ones

emerged from our works. Let us take a look at some of them and see what they are all about.

8.1. Topology of line arrangements.
In their survey papers, Falk and Randell |35, 36] addressed numerous interesting questions about the
homotopy of hyperplane arrangements. Here are some questions that arise from, or that are related

to, our work.

8.1.1. Homotopy vs Fundamental group.
In [43], we prove the existence and exhibit 7j-equivalent and homotopy-equivalent Zariski pairs.
Nevertheless, we do not know if the mj-equivalent Zariski pairs are also homotopy-equivalent. So, the

following question naturally appears.

Question 8.1. If two combinatorially-equivalent arrangements are w1 -equivalent, then are they neces-

sarily homotopy-equivalent?

In the previous question, is the answer the same when we drop the combinatorially-equivalent
hypothesis? To solve this question will be a natural pursuit of this former result and will answer an
old question of Falk [32] questioning the homotopy type of generic sections of the parallel connection

of two arrangements.

8.1.2. Topology vs Complement.
In the literature, the definition of the topology of an arrangement differs from one article to another.
Sometimes it is the homeomorphism type of the pair (CP?, Z(.A)) (as we choose in this manuscript),

at other times it is the homeomorphism type of the complement M (A).
Question 8.2. Is the homeomorphism type of (CP?, Z(A)) determined by the one of M(A)?

To positively answer to this question, we should reconstruct the pair (CP?, Z(A)) from the comple-
ment. Such an attempt could lead either to an obstruction in the construction and then to a difference,
then it would be interesting to construct an explicit example where these two notions differ, or we will
succeed in reconstructing the pair (CP?, Z(A)) and then we will obtain an equivalence between these
definitions. It is worth noticing that this equivalence is not true for algebraic plane curves in general,
see [9].

8.1.3. Arrangements of 10 lines.

In [86], Ye proves the classification of the moduli space of 9 lines arrangements suggested by Nazir
and Yoshinaga in [61]. A consequence of this classification is the combinatorial determination of the
topology for any arrangement with at most 9 lines. On the opposite, Artal, Carmona, Cogolludo
and Marco gave an example of a Zariski pair with 11 lines, see also [45] for another example with

non-isomorphic fundamental groups.
Problem 8.3. Classify the topology of 10 line arrangements.
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A detailed list of potential Zariski pairs of 10 lines is known [2, 1, 22]. Among this list, I would
suggest focusing on complexified real arrangements with a trivial group of automorphism, so that any
invariant of the ordered and oriented topology becomes a topological invariant. Then, an invariant
based on the braid monodromy and adapted to these specific cases, in the spirit of [7], could allow
us to distinguish their topologies. Furthermore, the increasing computation capacity of the modern

computer could help us to solve this long-standing question.

8.1.4. Characteristic varieties.
The characteristic varieties of a line arrangement are defined as the jumping loci of the homology

with local coefficients of the complement. More precisely, the ith characteristic variety is:
Vi(A) = {£ € (C)" | dim¢ Hl(M(A);(Cg) > i}

The description of their structure started with the work of Arapura [3] where he proved that the

irreducible components of V;(A) are subtori translated by torsion elements'?.
Question 8.4. Are the characteristic varieties V;(A) determined by the combinatorics of A?

By the work of Artal [6], see also [55], we know that the depth?® of a character £ depends on the value
of the Z-invariant of the inner-cyclic triples of the form (A4, &, ). Unpublished computations show that
the depth of a character £ in a unique triangular inner-cyclic triple is determined by the combinatorics.
It could be interesting to pursue this investigation of the relation between the characteristic varieties

and the Z-invariant.

8.2. Linking invariants.

The linking invariants are recent invariants in the study of the topology of line arrangements. The
first definition of the Z-invariant appeared in 2013. Nevertheless, during this last decade, they proved
many times their efficiency |41, 48, 18, 45, 44]. So they deserve a more in-depth investigation.

8.2.1. Refinement of the loop-linking numbers.

Currently, Rodau, a Ph.D. student of Artal and Florens, is constructing a finer version of the
loop-linking number. During a private discussion, he explained the construction, and we succeeded
in detecting new examples of Zariski pairs. This shows that this invariant is getting closer to the
optimal version of a linking invariant. So all the work made in [45] has to be generalized for this new
invariant. We could also question its behavior in the case of complexified real arrangements. Is there a

diagrammatic version of this invariant in the spirit of the chamber weight for the Z-invariant as in [48]?

8.2.2. Triviality of the linking invariants with integral coefficients.
The behavior of the linking invariants is not well understood. If we succeeded in solving Question 2.7,

there are still open problems about them. In particular, I formulated the following conjecture in [45].
Conjecture 8.5. The free part of the linking invariants is determined by the combinatorics.

According to our first computations, this conjecture looks to still hold for the Artal and Rodau
linking invariant. Until now, there are no mathematical arguments (even partial) that could explain this
particular behavior. Understanding it could bring some light to other questions like the combinatorial
nature of the characteristic varieties or the study of the branched coverings of the complex projective

plane.

19A gap in the proof has been corrected in [10]
20The depth of a character & € (C*)" is the maximal value of i such that ¢ € Vi(A),
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8.2.3. Generalizations of the linking invariants.

As previously mentioned, the loop-linking numbers are efficient topological invariants for line ar-
rangements. As mentioned in the introduction, line arrangements are at the intersection of hyperplane
arrangements and algebraic plane curves or more generally divisors in the projective surface, e.g. ra-
tional surfaces. So it could be useful to generalize the linking invariants in these two natural directions.

A generalization to hyperplane arrangements will imply an adaptation of the construction in higher
dimensions. This will allow us to better understand the topology of these objects. In particular,
by combining this construction with the notion of parallel connection, we could prove that the dif-
feomorphism type of the complement of a hyperplane arrangement does not determine its embedded
topology.

In the other direction, a generalization to divisors in rational surfaces will require a more careful
study of the singularities of the divisor and of the projective space. This will bring a new point of view

and a new tool in the study of curves in weighted projective spaces.

8.2.4. Connection with other invariants.

Until now, the Z-invariant is only related to the characteristic varieties. Nevertheless, some behaviors
tend to suggest the existence of connections with other invariants. The linking invariants take values in
an Abelian module with torsion. The order of the torsion 6 is determined by the combinatorics of the
arrangements. First, it would be useful to have an efficient way to compute it. Among the examples
studied, the value of 6 seems to be related to the structure of the moduli space. In the Appendix of [45],
lots of Zariski pairs whose moduli space is parametrized by the primitive 5th roots of unity, have been
distinguished using a linking invariant for which 6 = 5. Moreover, it appears that all the arrangements
with 11 lines that share these two properties are distinguished by the linking-invariant [45, Section 6].
The example, which proves that the invariant of Rodau and Artal is finer than the loop-linking number,
also share them. A similar phenomenon also exists between 6 and the Alexander invariant isomorphism
test developed by Artal, Carmona, Cogolludo and Marco in 8], see [11, 45, 44| for illustrations of this

phenomenon.

8.3. Moduli space & combinatorial structures.
To understand moduli spaces of line arrangements is a hard question. Nevertheless, due to the
Randell lattice-isotopy theorem, they play a central role in the study of the topology and the geometry

of line arrangements.

8.3.1. Pathological examples.

Recently, Core and Luber produced the first explicit example of a moduli space of line arrangement
with singularities [22]. The geometry of arrangements in a continuous family passing through such a
singular point has to be investigated. Are there some geometric characterizations of each irreducible
component that appear at the same time for the arrangement at the singularity? In a similar direction,

constructing other explicit examples of pathological moduli space could be interesting.

Problem 8.6. Construct an explicit example of a moduli space of line arrangement with a singularity

of the type {xy = xz = 0}, or which is not of pure dimension.

Having a better understanding of such pathological cases could help, for example, to construct a

counter-example to Terao’s conjecture [67].

8.3.2. Combinatorial structure.
In [44], a combinatorial structure named the splitting-polygon, suggesting a non-connected moduli

space is given. It allows the construction of numerous examples of Zariski pairs of a new type: the Galois
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group of their definition field is isomorphic to the Klein group. In a work-in-progress, a similar technique
is used to construct non-arithmetic pairs, some of them being defined over the rational numbers. This
splitting-polygon only enables splitting into 2 parts of the moduli space, so successive applications of
this structure can only induce a moduli space with 2¥ connected components. A generalization of this
structure which induces a splitting in more than 2 components would be welcome. The work made

in [49] would be a good starting point.

8.3.3. Km arrangements.

Following the construction made in Section 7.1, one can define complexity classes x,, on the set of
arrangements as follows. An arrangement A is Ky, if m is the minimal integer such that C(A) admits
a m-perturbation. For example, the class kg corresponds to the inductively connected arrangements.

At first, we could investigate the class of k1 arrangements. It contains lots of the known examples
of Zariski pairs, and it is connected to the notion of splitting-polygons [44]. When in addition their
naive dimension is null, then their moduli spaces are either connected or O-dimensional. The question
is then to know if there exists a combinatorial method to determine in which case the arrangement is.
For some specific arrangement, the combinatorial class of arrangements with a rigid pencil form [49]
gives an answer, like in Example 6.24. Nevertheless, it doesn’t work in general.

Let &,,(n) be the maximal number of connected components in the moduli space of a k,, arrangement
of n lines. The example given in Section 7.4 is x; and the number of connected components of its
moduli space grows linearly in n = |A|. There are combinatorial reasons to think that we could have

a growth in 3n for k; arrangements, but could it grow faster?

Problem 8.7. For a fir m € N, determine the behavior of €,,(n) when n growths.
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